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LOCAL WELL-POSEDNESS OF THE (4 + l)-DIMENSIONAL 
MAXWELL-KLEIN-GORDON EQUATION AT ENERGY REGULARITY 

SUNG-JIN OH AND DANIEL TATARU 


Abstract. This paper is the first part of a trilogy noun dedicated to a proof of global 
well-posedness and scattering of the (4 + l)-dimensional mass-less Maxwell-Klein-Gordon 
equation (MKG) for any finite energy initial data. The main result of the present paper is 
a large energy local well-posedness theorem for MKG in the global Coulomb gauge, where 
the lifespan is bounded from below by the energy concentration scale of the data. Hence 
the proof of global well-posedness is reduced to establishing non-concentration of energy. To 
deal with non-local features of MKG we develop initial data excision and gluing techniques 
at critical regularity, which might be of independent interest. 
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1. Introduction 

Let R 1+4 be the (4 + l)-dimensional Minkowski space with the metric 

nv := dia S ( -1 > +1 > +1 > +1 > + 1 ) 

in the standard rectilinear coordinates (t = x°,x 4 , • • • , x 4 ). Let L = R 1+4 x C be the trivial 
U(l) complex line bundle over R 1+4 . The Maxwell-Klein-Gordon system is a relativistic 
gauge field theory that describes the evolution of a pair (A, (ft) of a connection on L and a 
section of L. In Section o we present the necessary background material concerning the 
Maxwell-Klcin-Gordon system on R 1+4 . Readers already familiar with this equation may 
skip ahead to Section 11.21 where the main results and ideas of the paper are presented. 

1.1. The Maxwell-Klein-Gordon system on R 1+4 . Let L = R 1+4 x C be the trivial 
complex line bundle with structure group U(l) = {e lx € C}. Global sections of L are 
precisely C-valued functions on R 1+4 . Using the trivial connection on R 1+4 as a reference 
and employing the identification u(l) = *R, any connection on L can be written as 

= < 9 /( + iA^ 

l 







where A^ is a real-valued 1-form on M 1+4 . 

The (mass-less) Maxwell-Klein-Gordon system for a pair ( A,q !>) of a connection on L and 
a section of L takes the form 


=Im(0D„0) 

= 0 , 


(MKG) 


dvA^ is the curvature 2-form associated to and HU := 


where F I1U := (d A)^ = d fJ A h 

is the covariant d’Alembertian. We are using the usual convention of raising and 
lowering indices using the Minkowski metric, and also of summing over repeated upper and 
lower indices. 

We consider the initial value problem for (IMKOI) . An initial data set for (IMKG|) consists 
of two pairs of 1-forms (a,-, ef) and C-valued functions (/, g) on R 4 . We say that (a,-, e J; /, g ) 
is the initial data for a solution ( A , <f>) if 

(Aj, F 0 j, 0, Dt{t=o}= (%> fi fiO- 

Note that (IMKGD imposes the condition that the following equation be true for any initial 
data for (IMKOI) : 

dKj = lm(fg). (1.1) 

This equation is the Gauss (or the constraint ) equation for (IMKOI) . 

A basic geometric feature of the Maxwell-Klcin-Gordon system is gauge invariance. Let x 
be a gauge transformation for (IMKOI) . i.e., a real-valued function on R 1+4 , so that e* x G U(l). 
Then (IMKGD is invariant under the associated gauge transform (A, <f>) t-x (A — dy,e* x 0). 
Geometrically, a gauge transform corresponds to a change of basis in the fiber C of the 
complex line bundle L over each point in R 1+4 . To establish any sort of well-posedness of 
the initial value problem and also to reveal the hyperbolicitj0 of (IMKGD . the ambiguity 
arising from this invariance must be fixed. For this purpose we rely on the global Coulomb 
gauge condition djAj = 0 in this paper. 

The Maxwell-Klcin-Gordon system on R 1+4 obeys the law of conservation of energy. The 
conserved energy of a solution ( A , <f>) at time t is defined as 


£ 


{t}xl 


■■= 2 


E 


^„i 2 + iD^rdi. 

0</x<4 


( 1 . 2 ) 


{*}xR 4 0</i<i/<4 

For any sufficiently regular solution to (1MKGP on / xl 4 , where / C lisa connected interval, 
£{u}xr 4 [A, 0] = £{i 2 } X R 4 [A, (ft\ for every fi,f 2 £ /• For a (IMKOI) initial data set ( a,e,f,g ), 
the conserved energy takes the form 


£r 4 [o g /) g ] — 


^ ^ d; cl f. dj.Oj 

1 <j<k<4 


4 

+ E 

3 = 1 


^ID^ + I^da;, (1.3) 

3 = 1 


where Dj := dj +iaj. Furthermore, given any (measurable) subset O' C I 4 , we define the 
local energy Sofa, e, /, g] by replacing the domain of integral above by O'. 

The Maxwell-Klcin-Gordon system can in fact be formulated on any M 1+li (d> 1). How¬ 
ever, the (4 + l)-dimensional case is distinguished by the fact that the system becomes 


1 Observe that without any choice of gauge, the the principal part of is — \2A V 


d^d^A^, which 


does not have a well-defined character. 
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energy critical. That is, in M 1+4 both the conserved energy (j 1.2 and the equations (1MKGD 
are invariant under the scaling 

i —y ( A,(j))(t,x ) := (A -1 A, A _1 0)(A^ 1 t, A _1 a;) for any A > 0. 


1.2. Main results and ideas. The present paper is the first of a sequence of three papers 
[2T1122] , in which we give a complete proof of global wcll-posedness and scattering of (IMKGj) 
on M 1+4 for any finite energy data. This theorem is analogous to the threshold theorem for 
energy critical wave maps [13 m\ [291 [321 [331 E 3 EH [ 36] . The main result of this paper is 
the following local well-posedness theorem for (IMKGj) in the global Coulomb gauge at the 
energy regularity. 


Theorem 1.1 (Local well-posedness of (IMKGD at energy regularity, simple version). Let 
E be any positive number and let ( a,e,f,g ) be a smooth initial data set with energy < E 
satisfying the global Coulomb condition Y^j=i^j a j = 0. 

(1) Then there exists an open time interval I 3 0 and a unique smooth solution (A , f>) 
to the initial value problem on I x R 4 satisfying the global Coulomb gauge condition 

'll] ! 9 3 A 3 = 0 - 

(2) Define the energy concentration scale of (a, e, /, g) by 

r c = r c (E)[a, e, /, g] : = sup{r > 0 : Vi 6 M 4 , £fl r ( a )[a, e, /, g] < 5 0 (E,el )}, 

where B r (x ) denotes the open ball of radius r centered at x, e* is a universal constant 
(see Theorem IT,21 below) and 5o(E,el) is some positive function (to be specified in 
Section W- Then I contains the interval [—r c ,r c ]. 

(3) Finally, the solution map extends continuously on compact time intervals to general 
finite energy initial data, with the same lifespan properties as in (2) above. 


For a more precise version, see Theorem 16.1[ We remark that we do not lose any generality 
by restricting to initial data sets in the global Coulomb gauge, as any finite energy initial 
data sets can be gauge transformed into this gauge; see Section [3j We formulate our local 
well-posedness theorem specifically in the global Coulomb gauge in view of the rest of the 
series [2T] [22], where we show global wcll-posedness and scattering in this gauge. 

An important feature of Theorem 11.11 is that it provides a lower bound on the lifespan 
in terms of the energy concentration scale r c of the data. Taking the contrapositive, we 
see that any finite time blow up of a solution to (IMKGp must be accompanied by energy 
concentration at a point. In [2L [22] - following the scheme successfully developed by one of 
the authors (D. Tataru) and J. Sterbenz in the context of energy critical wave maps [281129] , 
we establish global well-posedness of (IMKGj) for finite energy data by showing that such a 
phenomenon cannot occur. We refer to the last and the main paper of the sequence [22] for 
an overview of the entire series. 

To prove Theorem ll.il we rely on the following small energy global well-posedness theorem 
for the Maxwell-Klein-Gordon equations in the global Coulomb gauge, which was established 
recently by one of the authors (D. Tataru) jointly with J. Krieger and J. Sterbenz. 


Theorem 1.2 (Small energy global well-posedness in Coulomb gauge [T8] ). There exists an 
e* > 0 such that the following holds. Let (a, e, /, g) be a smooth initial data on M 4 satisfying 
the global Coulomb gauge condition ^ =1 dtai = 0 and 

£r4 [a,e,f,g] < el 
3 























(1) Then there exists a unique smooth global solution (A,4>) to the initial value problem 
for (1MKGD on M 1+4 satisfying 


||^o||y 1 (R 1 3 + 4 ) + || AeIU 1 (M 14 " 4 ) + II0115' 1 (R 1 + 4 ) ^ \/^R 4 \ a , e i /> 9\i (1-4) 

where A x = (A \,..., A 4 ). 

(2) For every compact time interval I C M, the solution map extends continuously to 
general finite energy initial data after restriction to I x M 4 . More precisely, if 
(o^,eW,/W, 5 ^) is a sequence of finite energy initial data sets in global Coulomb 
gauge whose limit is ( a,e,f,g) in FL 1 (defined in Section\3Jf), then 

11^0^ — A^lvq/xR 4 ) + \\A^ — ^MIs^/xr 4 ) + || _ 0||s 1 (/xR 4 ) ~^ 0 as n —> oo, (1.5) 

where (A^ n \ (f^) is the global solution to (IMKOI) with data (a^ n \ e^ n \ f^ n \g^). 

More detailed descriptions of the function spaces S 1 and Y 1 will be given in Sections [HI and 
[3 In particular, S 1 is a delicate function space consisting of a number of pieces, including 
the energy norm, a frequency localized Strichartz norm, an A" s —type norm and a null frame 
norm as in the energy critical wave maps problem [2?i [30]. The precise version of the main 
local wcll-posedness theorem (Theorem 16.11) also involves these spaces. At this point we 
simply remark that for any interval I xK 4 , we have 

ll( < A00llct(/;h 1 xL2) ~ IMIsR/xr 4 ), II (<A dtT)\\c t {I-,HlxLl) ~ IMIvh/xR 4 )- 

For a simpler energy critical semilinear wave equation, such as = ±u d ~ 2 on R 1 , a 
statement analogous to Theorem II.II is an immediate consequence of the small energy global 
well-posedness theorem (Theorem 11.21 in our context) and the finite speed of propagation 
of the system. Roughly speaking, the proof of local well-posedness (in particular, local 
existence) proceeds in the following three steps (see, for instance [3T[ Section 5.1]): 

Step 1. Truncation of the initial data set locally in space so that the energy becomes small; 
Step 2. Application of small energy global well-posedness to produce the corresponding set 
of global solutions; and 

Step 3. Patching together the resulting solutions via finite speed of propagation!! 

However, implementation of this strategy in our context is not as straightforward due 
to non-local features of the Maxwell-Klein-Gordon system in the global Coulomb gauge. 
One source of non-locality is the Gauss equation for initial data sets, which forbids us from 
naively truncating initial data to reduce to the small energy case. Another source is the 
global Coulomb gauge condition, which imposes a Poisson (hence non-local) equation for the 
component Aq of the connection 1-form. In particular, finite speed of propagation fails in 
the global Coulomb gauge. 


2 Although this continuity statement is not explicitly stated in ns Theorem 1], its proof can be read off 
from na Section 5.5]. We remark that continuous dependence on the data in Ft 1 does not seem to hold 
in the global space S' 1 (R 1+4 ), due to the strong dependence of the linear magnetic flow for CU on the low 
frequency part of A x . 

3 More precisely, in Step 3, by finite speed of propagation, note that the global solutions in Step 2 restricted 
to the domain of dependence of the truncated regions in Step 1 give rise to a family of local-in-space-time 
solutions, which agree with each other on the intersection of the domains. 
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In this paper we develop techniques for overcoming such issues concerning non-locality of 
the Maxwell-Klein-Gordon equations, and employ them to prove Theorem 11.11 from Theo¬ 
rem [L2] by essentially carrying out Steps 1-3 above. These techniques (in addition to Theo¬ 
rem [TTT] itself) are also crucially used in the last paper of the sequence j2Z|> where we carry 
out a blow-up analysis of (1MKGI) to preclude concentration of energy and non-scattering. 

To deal with the non-locality of the Gauss equation, we introduce the method of initial 
data excision and gluing at critical regularity for (LMKGI) : see Propositions 14.11 and 14.21 for 
the precise formulation. Instead of naively truncating an initial data set ( a,e,f,g ), which 
would violate the Gauss equation, the idea is to excise the unwanted part and then glue 
another solution to the Gauss equation with the appropriate behavior. Similar techniques 
have been developed for the initial data sets of the Einstein equations in general relativity 
0 m iii ®. In our context, we need to develop a sharp version that works at the critical 
regularity. Our key tool is an explicit solution operator to the divergence equation la sum 
which preserves the compact support property; see Proposition 14.41 

The initial data excision and gluing technique allows us to carry out an analogue of Step 1. 
Then applying suitable gauge transformations to the resulting initial data sets to impose the 
global Coulomb gauge condition, we are in position to use Theorem 11.21 to produce the 
corresponding global solutions. This procedure is analogous to Step 2. However, we face 
difficulty in patching these solutions in the global Coulomb gauge (which corresponds to 
Step 3), since finite speed of propagation does not hold in this gauge. 

We use two ideas for addressing this issue. The first is the observation that even though 
finite speed of propagation may fail in a particular gauge (e.g., the global Coulomb gauge), 
it remains true up to a gauge transformation. We refer to this fact as the local geometric 
uniqueness of (IMKGD : see Proposition 15.21 Hence we obtain from the global solutions 
produced in Step 2 a family of local-in-space-time solutions (A[ a j, (j)[ a ]) to (IMKG|) . which agree 
with each other on the intersection of the domains up to gauge transformations. We call 
such solutions compatible pairs (see Definition 16.15p . Geometrically, these are nothing but a 
description of a global pair of a connection 1-form and a section of L in local trivializations. 

The second idea is to patch these local descriptions together to form a single solution in 
the global Coulomb gauge. We begin by adapting an argument of Uhlcnbeck [4U], Section 
3] to produce a single global-in-space solution in the desired function spaces S 1 , K 1 ; see 
Proposition 16.161 For this purpose, we develop a functional space framework for performing 
gauge transforms between local-in-spacetime solutions in S 1 and F 1 ; see Section 16.31 and 
Section [71 A key point in this argument is that a gauge transformation y between two 
Coulomb gauges obeys the Laplace equation Ay = 0, and hence enjoys improved regularity. 
The solution resulting from this patching argument does not necessarily satisfy the exact 
global Coulomb condition. Nevertheless this solution is approximately Coulomb , since it 
arose by patching together Coulomb solutions. Hence there exists a nicely behaved gauge 
transformation into the global Coulomb gauge, which completes the analogue of Step 3 and 
hence the sketch of our proof of Theorem 11.11 

Remark 1.3. The main result and the techniques developed in this paper are perturbative 
in nature, and hence can be easily generalized to higher dimensions, i.e., R 1+d for any d > 4. 
In what follows we focus on the most interesting case M 1+4 for concreteness. 

1.3. Other works on the Maxwell-Klein-Gordon equations. Here we give a brief 
review of the literature on the Maxwell-Klein-Gordon problem. In dimensions 2 + 1 and 3 + 1 
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the Maxwell-Klcin-Gordon system is energy subcritical , so global regularity follows from local 
wcll-posedness at the energy regularity; see Klainerman-Machedon [T5J and Selberg-Tesfahun 
[26] , We also mention the works of Moncrief pHj and Eardley-Moncrief PHD], where global 
regularity of sufficiently smooth solutions in R 1+2 and R 1+3 was established by a different 
argument; the latter two also handled the more general Yang-Mills-ffiggs system on R 1+3 . 
The problem of low regularity well-posedness in R 1+3 was further studied by Cuccagna [7] 
and then more recently by Machedon-Sterbenz pjj], who reached the essentially optimal 
regularity .4(0), 0(0) G H 3+. In [12], global wcll-posedness was established below the energy 
norm, more precisely for .4(0), 0(0) G H^~ + 

In dimension 4 + 1, Klainerman-Tataru [16] established an essentially optimal local well- 
posedness result for a model equation closely related to Maxwell-Klcin-Gordon and Yang- 
Mills. This result was further refined by Selberg [25], who considered the full Maxwell-Klein- 
Gordon system on R 1+4 , and Sterbenz [27]. 

For the critical regularity problem, Rodnianski-Tao [23] made an initial breakthrough 
and proved global regularity for small scaling critical Sobolev data in dimensions 6 + 1 and 
higher. This result was greatly improved in the aforementioned work of Krieger-Sterbenz- 
Tataru [T8] to include the energy critical dimension (4 + 1), which provides the starting point 
of the present paper. 

Finally, we note that an independent proof of global well-posedness and scattering of 
(IMKGj) has recently been announced by Krieger-Liihrmann, following a version of the Bahouri- 
Gerard nonlinear profile decomposition [Tj and the Kenig-Merle concentration compact¬ 
ness/rigidity scheme [131 03], developed by Krieger-Schlag [Tf] for the energy critical wave 
maps problem. 


1.4. The structure of the paper. After some preliminaries in Section [21 we begin with 
a systematic study of finite energy initial data sets for (IMKGj) in Section [3] We show, in 
particular, that every such initial data set can be gauge transformed to the global Coulomb 
gauge (Lemma 13.31) . and also that it can be approximated by smooth data (Lemma 13.2p . In 
Section [2 we develop the theory of excision and gluing of Maxwell-Klein-Gordon initial data 
sets at the energy regularity (Propositions [4711 14. 2ft . In Section [5l we formulate a notion of 
solutions to (IMKGI) arising from general finite energy initial data (admissible CfTi 1 solutions) 
and prove local geometric uniqueness of (IMKGj) in this class (Proposition 15. 2p . In Section [HI 
we give a precise statement of the main local well-posedness theorem (Theorem 16.11) and 
prove it up to some estimates concerning the functions spaces S 1 , Y l . Finally, in Section 0 
we delve further into the structure of the spaces S^Y 1 and establish the function space 
estimates used in Section [6] thereby completing the proof of Theorem 16.11 


Acknowledgements. The authors thank Phil Isett for helpful discussions regarding the 
divergence equation, and in particular for communicating the elegant construction in Propo¬ 
sition l4~4l Part of this work was carried out during the trimester program ‘Harmonic Analysis 
and PDFs’ at the Hausdorff Institute of Mathematics in Bonn. S.-J. Oh is a Miller Research 
Fellow, and thanks the Miller Institute for support. D. Tataru was partially supported by 
the NSF grant DMS-1266182 as well as by the Simons Investigator grant from the Simons 
Foundation. 
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2. Preliminaries 


2.1. Notation and conventions. We write A < B when there exists a constant C > 0 
such that A < CB. The dependence of the constant is specified by a subscript, e.g., A < r B 
means that there exists C — C(r) > 0 such that A < CB. We write A « B when both 
A < B and B < A hold. 

We employ the index notation in this paper. Unless otherwise specified, we always use 
the rectilinear coordinates (t = x°, x 1 ,..., a: 4 ). The greek indices (e.g., fi, is ,...) run over 
0,1,..., 4, whereas the roman indices only run over 1,..., 4. As already mentioned in the 
introduction, we raise and lower indices using the Minkowski metric m M „, and use the con¬ 
vention of summing up repeated upper and lower indices. 

We denote the open ball in R 4 of radius r and center x by B r {x). Given a cube R C K. 4 , 
we refer to its side length by £(R). For a convex subset K of R 4 (or R 1+4 ) and c G (0, oo), 
we define cK to be the dilation of K by c about the center of mass of K. For example, if 
B r (x ) is an open ball in R 4 , then cB r (x) is the open ball with the same center and the radius 
c times that of B , i.e., cB r (x ) = B cr (x). 

2.2. Dyadic frequency projections. Let m<o(r) be a smooth cutoff which equals 1 on 
{r < 1} and vanishes outside {r > 2}. For every k G Z, define m< k (r) := m<o(r/2 k ) and 
m k (r) := m <k( r ) —m<k~ i(r). Then rrq, is supported in the set {2 fc_1 < r < 2 fc+1 } and forms 
a partition of unity, i.e., 

y ^m k (r) = 1. 

k 

The following dyadic frequency (or Littlewood-Paley ) projections are used in this paper: 

P k ip Qj<p =J r ~ 1 [m j (\\T\ - IflD-Ffc]], 

St<P Tj<p 

We also use the notation P< k := ^ k ,< k Pki P(k u k 2 ] ■= 52k'e(k u k 2 ] Pk ' etc - 

2.3. Standard functions spaces on R d and domains. Unless otherwise specihed, we 
define function spaces on a subset O C R d by restricting the W 1 version, i.e., 

IMU (O) ■= inf U\\ X (Rd)- 

yj=(p Uil U 

The homogeneous Sobolev and Besov semi-norms || • || • on R d are char¬ 

acterized using the Littlewood-Paley projections as follows: 

1 

ll < / J lllL s 'P(R d ) ~ II 2 \PkP\ ) 2 ||LP(R d )> ll9 7 lls“’ p (R d ) ~ • 

k k 

We define the corresponding spaces f'F' s,p (R rf ), B^ p (R d ) to consist of tempered distributions 
that are regular at zero frequency (i.e., ||P< fc <£>|| L oo( R d) —* 0 as k —» —cxd) and have finite 
corresponding semi-norms. We use the standard notation W s ’ 2 = H s . When s < ^ or s = ^ 
with r = 1 (in the Besov case) the above semi-norms are in fact norms when restricted to 
the space 5(R d ) of Schwartz functions on R cZ , and the corresponding spaces are obtained as 
the completion of S( R d ) with respect to these norms. 
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3. Finite energy initial data for Maxwell-Klein-Gordon 

In this section we systematically develop the basic theory of finite energy initial data sets 
for (1MKGI) . In Section [3.11 we define the spaces of finite energy and classical initial data 
sets for (IMKGp , and also the corresponding spaces of gauge transformations. In Section 13.21 
we prove a few elementary facts about finite energy initial data sets, such as approximation 
by classical initial data and gauge transformation to a globally Coulomb initial data. We 
also show that any globally Coulomb finite energy initial data set can be approximated by 
classical initial data sets in the global Coulomb gauge. 

3.1. Finite energy initial data sets and gauge transformations. Let O C M 4 be a 

non-empty open set. Given 1-forms a, e and C-valued functions f,g on O, we say that the 
quadruple (a, e, /, g ) is a (IMKGj) initial data set if the following Gauss (or the constraint ) 
equation holds: 

d £ e e = lm[fg}. (3.1) 

We define the space 'H 1 (0), which consists of (LMKOI) initial data sets ( a,e,f,g ) for which 
the following norm is finite: 

II ( a , e i /, g) ll'HFO) := SU P ll( a j) e i)ll(RinL|)xL2(o) + ||(/, 5 , )||(ifi n L4) xi 2( 0 ). 

5=1,-,4 

A Coulomb (gauge) initial data set is a data set (a, e, /, g) which in addition satisfies the 
divergence condition 

V • a = d £ ai = 0. 

Given an "H^O) initial data set (a, e, /, g), we define its energy on O' C O by 

£ 0 '[a,e,f,g\:=^ j Y l( da )A| 2 + Y Icf + Y l D i/| 2 + M 2 (3-2) 

J°'l<j<k<l 1<j<4 1<j<4 

where (d a)jk = djOk — dkaj and D jf = djf + iajf. The space T-L l {0) is a natural domain on 
which the energy functional is always finite, and for this reason 'H 1 (0) will also be referred 
to as the space of finite energy initial data. In general the energy does not control the "H 1 
norm, and for this reason we view the "H 1 bounds as qualitative, whereas the energy related 
bounds are quantitative. However, in the case of global Coulomb data sets the situation 
improves and we can estimate the "H 1 norm in terms of the energy, see Lemma [3.31 

We also remark that the energy £o'[ a i e , /, d] is invariant under gauge transformations, 
which will be rigorously defined below. 

For N > 1, we define the higher regularity space r H N (0) in a similar fashion with the 
norm 

N 

|| (a, e, /, g)\\ U N {0) := Y II^ n_1) /, ^"- 1) ^)||^i (0) . 

n =1 

To define the space 7f oo (0) of classical initial data sets, we first define the space 'H°(0) to 
consist of (1MKGD initial data sets with finite 7i°(0) semi-norm, which is given by 

IKcc/, g)\\u°{o) '■= IMUi + ll/lkg 

Then we take ' H°°(0 ) := n“ =0 'H' v (O) and topologize it using {|| • ||-Kiv ( ' 0 )}jv>o- We remark 
that W°{0) initial data have not only better regularity (it is in fact smooth), but also better 
integrability than 1-L N (O). 
















Next, we define spaces of gauge transformations between initial data sets. A gauge trans¬ 
formation x, which is simply a M-valued function on O, acts on an initial data set (a, e, /, g ) 
as follows: 

r x [a,e,f,g] : = [a - dy, e, e* x /, e* x c/]. 

We define the space Q 2 (0 ) to consist of locally integrable gauge transformations such that 
the following semi-norm is finite: 

llx|ls 2 ( 0 ) := \\9xX\\l%{0) + \\dlx\ |l|( 0 )- 

Given an integer N > 1, we define the Q N+l (0) semi-norm as 

N 

llxlle»« ( o) ; = E (ll a hxllL. ( o) + l|at" +1) xinj ( o)), 

n= 1 

and the space Q N+l (0) to consist of locally integrable gauge transformations with finite 
Q N+1 {0 ) semi-norm. Observe that ||x||gjv+i( 0 ) = 0 if and only if y is a constant. Accordingly, 
G N+l {0) becomes a Banach space once we mod out by constants, but we shall not do so in 
this paper. Finally, we also define 

N 

0°°(o) := n 4” n yr’yo). 

n= 1 

The space of gauge transformations between initial data sets in the class PL N (O) is precisely 
G N+1 (0). Indeed, given y e G N+l {0), it follows from the chain rule and the fact that a i —> e m 
is a bounded smooth function that e lx G G N+l {0) and 

||e n ||giv+i( 0 ) < ||xll^ 2V + 1 (o)(1 + llxllgJv+i(o))- 

From this fact, we see that if ( a,e,f,g ) G "H iV (0) and y G G N+1 (0 ), then T x (a, e,/, g) G 
/ H N (0). Conversely, if y is a locally integrable gauge transformation on O such that we have 
(a', e f , f, g') = T x (a, e, /, g) for some (a, e, /, g), (a 7 , e', f, g') G "H iV (0), then it easily follows 
that y G G N+1 (0) from the relation dy = a — a’. 

The map T x [a,e, f, g] furthermore enjoys a nice continuity property. We state a version 
of this property for the case N — 1, i.e., (a, e, /, g) G Ff 1 (0) and y G f/ 2 (0). 


Lemma 3.1. Let O be an open connected subset o/M 4 . Let (a^ n \ e^ n \ f^ n \ g^) [resp. y^] 
be a sequence o/'H 1 (0) initial data sets [resp. G 2 (0) gauge transformations] such that 

|| (a - a<">, e - e ( ”>, / - / l ”>, g - g {n) )\\w m -> 0, ||x - X 1 "’ ll«o) -> 0, 

for some (a,e,f,g) G 'H 1 (0) and y G G 2 (0) as n —» cxd. T/ien t/iere exists a sequence 
Xo^ G R of constant gauge transformations such that 

l|T x [a,e,f,g} - r x(n)+x (n)[a (n) , e (n) , / (n) , t/ (n) ]||^i (0) GOasnGoo. (3.3) 

Proof. We shall write 




Before we begin the proof, we first make a few reductions. We first remark that the constants 
Xq 1 ^ above are needed because they are not seen by the Q 2 {0) norm. We can eliminate them 
if we normalize X^'K e.g. by requiring that they have zero averages on some ball B C O: 


dx = 0 


(3.4) 


J B 

We will make this assumption from here on. 

Observe further that (j3.3j) is easy when all x^b’s are the same. Then applying —x to 
every term in the sequence, it suffices to consider the case x — 0. Finally, the convergence 
of (abd^ghd) i n fji n L 4 (0) x L 2 X (0 ) is obvious, so we will focus on (/bb,gbd). 

We claim that 


IIDj/ - D<" ) /<”)|| Ii + ||/ - /(">|| XS(0) + ||s - y^lUKo) ->0 as n —f oo, 
where D, — dj + la,, I)"' — dj + za, . Then the desired conclusion :ti Uli would follow, using 
the claim and the L 4 (0) convergence of abd — > a to deduce that c? x /bb —> d x f in L 2 X (0). 

We now prove g bb —> g in L 2 X (0)\ a similar argument works for /bb and D(’b/bd as -well. 
We write 


- y’llnio) = lls - g^Wmo) < 11(1 - e« w )slU| ( o) + IKWs -s ( " ) )lU 3 ( 0| 


(n) 

Since ||e* x £«> < 1, it follows that the last term vanishes as n —> oo. It remains to prove 


||(1 - e lx( ) )^|| l 2 ( o ) 0 . 


(3.5) 


By Lebesgue’s dominated convergence theorem, it suffices to show that each subsequence 
rik has a further subsequence so that X' nk " J ^ 0 almost everywhere in O. To see this 

we use Poincare’s inequality. In view of the normalization (13.41) . this shows that from the 
convergence ||x ( ' ri ' ) lle 2 (o) —* 0 we obtain 

X (n) 0 in Lf oc (0). 


Then the a.e. convergence on a subsequence immediately follows. 


□ 


3.2. Approximation and gauge transformation lemmas. In this subsection, we record 
a few useful facts concerning TL 1 initial data sets on M 4 . The first result says that any 'H 1 (M 4 ) 
initial data set can be approximated by classical initial data sets. 

Lemma 3.2. Let ( a,e,f,g) be an initial data set for (IMKGD in the class 'H 1 (M 4 ). Then 
there exists a sequence (abb, e ( n ), y( n ), g(p)) of initial data sets in 'H'*/!! 4 ) which approximates 
(a, e, /, g) in 'H 1 (M 4 ). 

Proof. Take any Cq°(R 4 ) sequence (fa^ n \ ebb, /hd ; ^hd) w hich converges to ( a,e,f,g ) in the 
'H 1 (M 4 ) norm, and take 

abb = a (n) , /bd = g H = g (n) 

To satisfy the Gauss equation, we take 

= e^ r b + (—A )~ 1 dj(d e e ( '^ — Imf/bb^hd]/ 

It can be readily verified that ebb g _£//°(R 4 ). Moreover, since <9 £ e^b — Im[/bdghd] —> 0 in 

i/~ 1 (M 4 ), it follows that e^b —>• in L^(M 4 ), as desired. □ 
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The second result shows that any , H 1 (M 4 ) initial data set can be gauge transformed to a 
globally Coulomb initial data set. 

Lemma 3.3. Let (’ a,e,f,g ) be an initial data set for (IMKGjl in the class 'H 1 (M 4 ). Then 
there exists a gauge transform y £ f/ 2 (R 4 ), unique up constants, such that 

(a, e, /, g) = (a - dy, e, e lx f, e %x g) 

satisfies the global Coulomb gauge condition d e ae = 0 [resp. d £ a' e = 0] on M 4 . Moreover, we 
have the estimate 

llx||g 2 (K 4 ) < ll a lliji(R4)- (3-6) 

Proof. Let 

ujj = (—A) _1 <9jc/cq. (3.7) 

Since a G if 4 (M 4 ), it follows that LUj G 77 4 (M 4 ). Note moreover that 

diLOj — djOJi = 0 

for every i,j = 1, 2, 3,4. Thus there exist^j a real-valued function y such that 

dy = u, 

which furthermore satisfies y G t/ 2 (M 4 ) and (13.61) . Note that ( a,e,f,g ) defined as above 
satisfies the global Coulomb condition, since d e ai = d £ di +Ay = 0. The uniqueness statement 
follows from the fact that the solution to A<9jy = djcfcii in L 4 (0) is uniquely given by 
(13TD . □ 

An immediate consequence of Lemma 13.11 and the preceding two lemmas is that any 
Coulomb initial data set in "H^M 4 ) can be approximated in 'H 1 (M 4 ) by classical Coulomb 
initial data sets. We record this statement as a corollary. 

Corollary 3.4. Let (a,e,f,g) be a globally Coulomb initial data set for (IMIvGj) in the class 
Then there exists a sequence e^ n \ f( n \ of globally Coulomb initial data 
sets in ^“(M 4 ) which approximates ( a,e,f,g ) in "H^M 4 ). 

4. Excision and gluing of initial data sets 

A recurrent nuisance in gauge theory is the presence of a non-trivial constraint equation 
for the initial data sets. More concretely, consider the problem of localizing a (1MKG|) initial 
data set. The most naive way to proceed would be to apply a smooth cutoff; however, 
integrating the constraint equation (also called the Gauss equation) 

&e t = Im [fg] 

by parts over balls of large radius, we see that must in general be non-trivial on the 
boundary spheres even if /, g are compactly supported. This simple argument precludes the 
naive approach of simply cutting off (a, e, /, g ). 

The purpose of this section is to introduce a set of techniques for addressing this difficulty, 
namely excision and gluing of (1MKGI) initial data sets. In the context of localization of 
initial data sets, the basic idea is as follows: Instead of simply excising the unwanted part of 
the initial data set, we glue it to another initial data set, which has an explicit description in 

4 This is obvious when a £ 5(IR 4 ); the full statement follows by approximation of a by Schwartz 1-forms, 
using the fact that BMO is a Banach space modulo constant functions. 
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the excised region. For instance, in the exterior of a ball (see Proposition 14. II below) we glue 
with a data set of the form (e^p := ^2 oj, 0, 0, 0), which is precisely the electro-magnetic 
field of an electric monopole of charge q situated at the origin. 

Key to our approach is a simple solution operator V for the divergence equation that 
preserves the support and obeys a sharp L p -L q bound. This solution operator was first used 
by Bogovskii We remark that a similar solution operator was used in m in the 

context of the incompressible Euler equations. 

The main results are stated in the next two propositions. The first one concerns excision 
and gluing of initial data sets to the exterior of a ball. 

Proposition 4.1 (Excision and gluing of initial data sets to the exterior). Let B be a ball 
of radius in R 4 , and 1 < G\ < cr^ < 2. Then there exists an operator E ext from the class 
'H 1 (cr 0 i? \ B ) to the class 'H 1 (M 4 \ B ) satisfying the following properties: 

(1) (a, e, /, g) := E ext [a , e, /, g] is an extension of (a, e, /, g), 

(a, e, /, g) = (a, e, /, g) on the annulus a\B \ B. 

(2) We have (a,f,g) = (0,0,0) on R 4 \ oqB. On the other hand, there exists a real 
number q = q(e), depending continuously on e e L 2 (a 0 B \ B), such that 

j 

e.j(x) = q— on R 4 \ a$B. 

(3) The following bounds hold, with implicit constants depending on cr 1 ,cr 0 : 

\\E [ a > e i fi 5 , ]ll'Hi(K 4 \n) ^5 II ( a 5 e ! /; fl , )l|-H 1 (cr 0 n\'B)5 (4-1) 

£r 4 Y Bl EeXt [ a i e J,g}\ < r Q 2 \\f\\ 2 Ll {fToB \B) + S aoB\B[ a W,f,g\- (4.2) 

(4) The operator E ext is continuous from "H 1 (cr 0 B \ B ) to "H 1 (R 4 \ B). Moreover, E ext 
enjoys persistence of higher regularity, i.e., for every N > 1, we have E ext [H N (cr 0 B\ 
B)} C TL n (R 4 \B). 

The second proposition concerns excision and gluing of initial data in the interior of a ball. 

Proposition 4.2 (Excision and gluing of initial data sets to the interior). Let B be a ball 
of radius r 0 in R 4 , and 1 < a 2 < cr 0 < 2. Then there exists an operator E mt from the class 
'H 1 (cr 0 i? \ B ) to the class Tl l (ooB) satisfying the following properties: 

(1) E mt [a, e, /, g] is an interior extension of (a, e, /, g), 

E mt [a, e, /, g] = (a, e, /, g) on the annulus a 0 B \ a 2 B. 

(2) The following bounds hold, with implicit constants depending on cr 2 ,ao: 

1 

II E [ a Wi f t gWl^icroB) || ( a i e i fi 9) ll'H 1 (o- 0 B\F) T 11 e 11Z/2 (cto ’ (4-3) 

£ aoB [E mt [a,eJ,g]] < E^^a, e, /, g] + r^WfWl^^y (4-4) 

(3) The operator E mt is continuous from 'H 1 (cr 0 i?\i?) to TL 1 (oqB). Moreover, E mt enjoys 
persistence of higher regularity, i.e., for every N > 1, we have E int {U N (a 0 B \ B )] C 
U N (cr 0 B). 
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Remark 4.3. There are two main difficulties in the proving these propositions. The first 
one is the presence of the Gauss equation, which has been discussed at the beginning of 
this section. The second difficulty stems from the local energy inequalities (j4. 2[) and 1I4.4H . 
which require, in particular, choosing a ‘good gauge’ before excising the initial data. To 
resolve this difficulty, we rely on the solvability in L 2 -Sobolev spaces of the one-form Hodge 
system under suitable boundary conditions (see Section EO|) . This statement can be thought 
of as an easier abelian variant of Uhlenbeck’s lemma [40] concerning existence of a gauge 
transformation to the Coulomb gauge. 

The rest of this section is structured as follows: In Section 14.11 we introduce a solution 
operator V = Vj[h] to the divergence equation d J V 3 [h] = h that, in particular, is compactly 
supported if h is. In Section 14.21 we briefly recall a standard result for the 1-form Hodge 
system on domains with smooth boundary, which will be needed later. Then in Section 14.31 
we present proofs of Propositions 14.11 and 14.21 

4.1. Support-preserving solution operator for the divergence equation. In this sub¬ 
section, we define a solution operator to the divergence equation which preserves the support 
property of the source. This solution operator was first introduced by Bogovskii PIE]. Our 
construction below follows the approach of in which a similar solution operator was con¬ 
structed for the symmetric divergence equation djR = U e . We sharpen the estimates for V 
compared to [TTj (where non-sharp estimates sufficed), which turns out to be necessary due 
to the criticality of our problem. The class of domains we work with is that of star-shaped 
domains, and unions thereof. We call a domain strongly star-shaped with respect to a set B 
if it is star-shaped with respect to any point in B. 

Proposition 4.4. Let B be a ball in W 1 , d > 2. Then there exists a pseudodifferential 
operator V G OPSfi^fEf), taking functions to 1-forms, which has the following properties: 

(1) For any compact domain D which is star-shaped with respect to B, if h G V is 
supported in D then V[h\ is also supported in D. 

(2) Suppose that h has compact support and 

/ hdx = 0. 

jR d 

Then V[h] satisfies the divergence equation 

&V t [h] = h. (4.5) 

Remark 4.5. The fact that D is star-shaped with respect to B requires that B C D. Thus 
by scaling all bounds for the operator V in D depend only on the ratio diam (i4)/diam ( B ). 
In particular, since V G O P Sf 0 l(M. d ), we obtain 

l|V[/*]||tvMK‘i) ^ IWIlp(r<»), 1 < p < oo (4.6) 

Thus, by the Gagliardo-Nirenberg-Sobolev inequality we obtain the inequality 

IIM/i]|Us(r<*) (diamH)*“p +1 ||/7,|| L P( Rd ). (4.7) 

whenever 1 < p < q < oo and 

d d d 

p q p 
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Before we begin the proof of Proposition 14.41 in earnest, we give a short argument that 
provides a solution operator V with the required support properties but with less regularity. 
We will use this to motivate the actual construction. Let h e satisfy ©• Assume 

furthermore that f Rd h = 0. Our goal is to find a solution v e to (I4.5p which satisfies the 
support property supp v f: C B. Note that f Rd h = 0 is a necessary condition for such a 
solution to exist by the divergence theorem. 

Taking the Fourier transform of h and Taylor expanding at £ = 0, we get 

MO = MO) + £ £ f d e h{a£) da. 

Jo 

Since h(0) = f hdx = 0, we see that h has the form of a divergence. Indeed, defining 

v A h l '■= T x l [ [ dfiia^a], 

Jo 

we see that d £ v^[h\ = h, as desired. More generally, we remark that if f Rd h yJ 0, then 

V • v = h — cS 0 , c = / h d^- 

Js. d 


Carrying out the inverse Fourier transform, we obtain the following physical space formula 
for Vj[h\: 


v j[h\(x) = 


x J 


h 


a 


x\ da 


a/ a u 


Note that the value of Vj[h] at x is determined by a weighted integral of h on the radial ray 
{sx : s > 1}. In particular, the desired support property supp v C B immediately follows. In 
terms of regularity, however, integration along rays only yields radial regularity. No angular 
regularity at all is gained by doing this. 

One can also view the above construction as arising from a mass transportation problem. 
The above v corresponds to transporting all the mass of h along rays to zero. 

In order to produce a better solution operator, all we need to do is to expand the above 
Dirac mass at zero into a smooth bump function, i.e. some smooth averaging of the above 
construction. This idea is carried out in the following proof. 


Proof of Proposition f.f. By translation and scaling we assume that B is the unit ball. Given 
y eM. d , define 


v (y)A h )( x ) = 


(x ~y ) 3 , (x - y 


h 


a 


a 


+ y 


da 


cr 


Let r 0 be the radius of the ball B. Let £ be a smooth normalized bump function in B, i.e. 


supp £ C5, 

We now define V 3 [h] := f C(y) v ( y )j[h\ dy, i.e., 
Vj[h](x) = 


C = 1. 


(4.8) 



\ {y J^y}i h p—y +y ) d JL dy . 


a 


cr 


a 
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As before, V[h\ is a solution to the divergence equation 

d l Vj[h] — h — cC, c = f hdx 

J R d 


where the second term in the right-hand side vanishes provided that h has integral zero. 
Moreover, from the construction it follows that we have the support property 

suppVfh] C Conv({x}US), 

ccEsupp h 


where Conv(A) refers to the convex hull of A". This is exactly what we need. 

It remains to prove that V is a regular pseudodifferential operator of order —1. For that 
we look at the kernel K(x — y , y ) of V, which after a change of variable is written as 


K(z,y) 


<(-. 


1 — a 1 — a 


z + y ) 


da 

(1 — a) d 


The support condition on ( restricts the integral to the range |1 — cr| > \z\. Then a direct 
integration yields the bound 

\K(z,y)\<\z\'~ d 

Similarly, we have the differentiated bounds 


\d^d^K(z,y)\ <c kj \z\ l - d ~ k . 

The symbol a(£, y) of V in the right calculu^l is obtained by taking the Fourier transform of 
K with respect to z. Then the preceding bound implies the homogeneous symbol bound 


On the other hand, taking into account the support properties of K , it follows that \d'^dy J) a\ 
is bounded for every k,j as well. Hence the assertion V G OPS -1 follows. □ 


In the sequel we apply the above proposition in two situations. The first is for a ball: 


Corollary 4.6. Let B be a ball in R . Then there exists a pseudodifferential operator V B G 
OPS~ 1 , mapping distributions h supported in B to distributions V B [h] supported in B, and 


which satisfies property (2) in PropositionULJ 


For this we only need to observe that B is star-shaped with respect to B. 
Our second application is for an annulus: 


Corollary 4.7. Let A = aB \ B, with a > 1, be an annulus. Then there exists a pseudo¬ 
differential operator V A G OPS -1 , mapping distributions h supported in A to distributions 
V A [/r] supported in A, and which satisfies property (2) in Proposition ^. 4 Further, all bounds 
are uniform for a away from 1. 


In particular we note the following bound 

l|V>]|Uj(„4, < I \h\\ L i m (4.10) 

with an implicit constant that is uniform for a away from 1. 

To show that this follows from Proposition 14.41 we cover A with three or more overlapping 
round sectors of identical angle 9 , A = U)v=i ^k, so that the double-angle sectors 2 Ak C A 

5 We prefer the right calculus, because there the symbol is only needed for y £ D. 
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are star-shaped. The number of such sectors depends only on the dimension d if a is large, 
but increases as a —* 1. The closer a gets to 1, the worse our bounds will get. 

In each such sector we can apply Proposition 14.41 However, to conclude the proof of the 
corollary we need to also be able to distribute the zero integral condition to the sectors. This 
is achieved in the next lemma: 


Lemma 4.8. Consider a covering of the annulus A = crB \ B with round sectors A = (J A k 
of angle 6. Let r] k be an associated partition of unity in A with suppr/fc C 2 Ak- Then for 
each distribution h which satisfies 


supp h C A and 


j h dx = 0. 


there exists a linear decomposition h = 


E 


I< 

k=l 


h k so that 


supp h k C 2 A k , 


J h k dx = 0. 


and the maps h —>• h k — g k h are finite rank < 2 from V to V. 


The previous corollary is then proved by applying Proposition 14.41 to each h k in the sectors 

2A fc . 


Proof. We label the sectors A k so that A k C\A k+ i 0. For each k, let ( k be a smooth function 
with unit mass supported in 2 A k D 2 A k+1 . For convenience, we define Co — 0. The idea is to 
write 



By construction, we have J h k — 0 for 1 < k < K — 1; then it follows that f hx = 0 since 

fh = 0 . □ 

4.2. L 2 Hodge theory for 1-forms. Another ingredient in our proofs of Propositions 14.11 
and 14.21 is the solvability of a boundary value problem for the 1-form Hodge system. The 
result that we need is as follows: 


Proposition 4.9. Let O be a pre-compact connected open subset o/M 4 with a smooth bound¬ 
ary dO. Assume furthermore that the first de Rham cohomology group of O vanishes, i.e., 
HdeRham(^) = 0- Then for any 2-form F on O such that F G H N (O) (N > 0), there exists 
a unique 1-form u G H N+1 (0 ) which solves the following boundary value problem for the 
1-form Hodge system: 

do; = F, d e cu e = 0, cu fao (n) = 0, (4.11) 

where n is the outer-pointing normal vector field on dO. Moreover, c o obeys the estimate 

IMItff +1 (0) ~ ll^ll^(O)- ( 4 - 12 ) 

This is a standard result; we refer the reader to [39], Section 5.9]. The cohomology condition 
ensures, by the Hodge theorem, that the kernel of the Hodge system is trivial. Then the 
latter fact allows us to conclude unique solvability of (14.lip by the Fredholm alternative 
theorem. 
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4.3. Proof of Propositions 14.11 and 14.21 We are ready to prove Propositions 14.lf[4. 21 


Proof of Proposition \f.l\ Without any loss of generality, we may assume that B is centered 
at the origin of M 4 . For 1 < ay < oy < 2, we define ay = ctq °' ) < a ( fj l> < < af/ 1 = ay as 

(0) (1) 1 . 1 (2) 1 . 2 ( 3 ) 

*0 = = 2 ai + 2°'°’ a ° = 3^ + 3^0, = <? o - 


Below, we will write 


E ext [a, e, /, g\ = ( a,e,f,g ). 


Step 1. Excision of a 3 . The purpose of this step is to cutoff cij to obtain a,j on M 4 \ B 
such that 

a — a on a^B \B, a = 0 on R 4 \ ay; f^B, (4-13) 

H a llifinz4(R4\-B) ^> 0 ll a llifinL4( (To B\'B)5 (4-14) 

ll^ a llLi(R 4 YB) ^a 0 B\B\ a i f 1 d]i (4-15) 

where (da)jk = dj&k — <9fcay. If one drops the last condition, then the simple choice a = r/a 
for a suitable cutoff r) will do the job; however, having the estimate (14.15(1 with only the 
energy of (a, e, /, g ) on the annular region <jqB \ B on the right-hand side will be crucial for 
our later purposes, in particular for performing the blow-up analysis in [22j. Our idea for 
achieving this goal is as follows: First, we will find a gauge equivalent connection 1-form a 
on the annular region a$B \ B such that 

Il®llifinz4(o- 0 -B\B) + (diamS) 1 ||a|| i 2( 0 . oB \B) ~vo \\^ a \\L^a 0 B\B) (4.16) 

We remind the reader that l|da||^ 2 ^ CToB ^ < £ ao B\7i[ a i e , /, ft]- The connection 1-form a can 

be safely excised outside cr^B D cr^B. Finally, we patch together ay and ay inside cr^B 
using a suitable gauge transformation to produce a satisfying fl4.13p - 04.15p . 

We now proceed to the details. Let O = O(a 0 , B ) denote the annulus a 0 B \ B. Applying 
Proposition 14.91 with F = da on the region O (which is possible since H^(0) = 0), we infer 
the existence of a unique 1-form a which solves 

da = da, d ( d e = 0, a \ dB (d r ) = a \ 9 (<t 0 b) (d r ) = 0. (4.17) 

Moreover, a obeys the estimate f!4.161) . To see this, first observe that this estimate follows 
from (14.12p and Sobolev when B is a ball of unit radius. The general case follows once we 
note that, for a fixed ay > 1, both sides of (14.16ft are invariant under scaling. 

Next, we prove that a is gauge equivalent to a. This amounts to finding a function y such 
that 

a = a — dy. 

Since d(a — a) = 0, the existence of such a function y on O is guaranteed by the topological 
fact that H^ e Rham (Q) = 0; it is moreover unique if we furthermore require that f Q y = 0. By 
Poincare’s inequality and (14. IGH . it follows that y satisfies the bound 

\\ d x ] x\\ lko) + 11^y11 z,4(o) + (diamS)- 2 ||y 11 ^ 2 ( 0 ) < \\a\\Hi nL 4 {0 y ( 4 -18) 

We now show that, thanks to (14.161) . it is safe to cut off a. Let rj^) be a smooth function 
on K 4 such that 

? 7 ( 2 ) = 1 on (Xq 2) B, 77 ( 2 ) = 0 outside a^B, \d^ N) 7p 2 )\ <N,a 0 (dia mB)~ N for N > 0. 
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Then by (14.161) . it is immediate that for any open subset O' C O, 

||d(?7(2)a) 11^2(0') < || ? ?(2)da|| L 2( 0 /) + ||d x ^(2)IU«(0')||a||L§(0') <o- 0 ||da|| L 2( 0 ,). (4.19) 

To conclude the proof, we finally patch a and a by a suitable gauge transformation to 
obtain a with the desired properties. Let r/(p be a smooth function on R 4 such that 

?](!) = 1 on cr^B, r /(p = 0 outside cr^B, |<9^77(1)1 <N,a 0 (diarn B)~ N for N > 0. 

We now define a by the following formula: 

a := r? (2 )(a - dy), where y := (1 - 7?(i))y. (4.20) 

From (14.18j) . it follows that y obeys 

\\% ^xIIl 2 ( (To _b\'b) + \\dxX\\L*(a 0 B\B) + (diam B) ||y||z,2( o - 0 B\'B) ^ Il a lli/inz 4 ( 0 ) (4-21) 

It remains to verify the properties fl4.13p - fl4.15p . The first property f!4.13p follows easily from 
the construction. The second property f!4.14p follows from 

|| ? 7(2)dy|| i ji nL 4( R 4y5 ) <,r 0 ||dy||^i nZ 4 ((ToB yB) <<7 0 \\a\\HinL±(a 0 B\B)i (4.22) 

which in turn follows from (I4.2ip . Finally, the third property (I4.15p is a consequence of 
(14. 13p and f!4.19p with O' = a 0 B \ ctq 1 '* B. 

Step 2. Excision of f,g. In this step, we excise (/, g) to construct ( f,g ) on R 4 \ B that 


satisfies the following properties: 

(7 9) = if, 9 ) on a x B \ B , (/, g) = 0 on R 4 \ a^B, (4.23) 

ll/llhlnL4(R4\B ) < Wf\\HlnLi{a 0 B\B)i (4.24) 

II5 , IIl2(r 4 \b) < \\9\\lK<7 0 b\b)-> (4-25) 

^7 l|D,/ILi(R4W) £ (diam5) II/IIl 2 (o- 0 b\b) + ^ II-^j/II Ll(a 0 B\B)i (4.26) 

3= 1,-4 j= 

where D,, = dj + iaj. These conditions are easily achieved by naively choosing oq = and 


cutting off /, g by a smooth function 7/( 0 ) that is supported in cr^ B and equals 1 on cr^B. 

Step 3. Excision and gluing of e 3 . In this step, we construct e 3 that, together with a,j, 
f and g constructed in the preceding steps, would satisfy the properties in Proposition 14.11 
The problem of localizing of eq is subtle, as it must satisfy the Gauss equation 

d% = lm[fg\. (4.27) 

In particular, integrating (I4.27p over a ball B r of radius r 1, the divergence theorem 
implies 

/ e(W — / Im[/ 7j\ dx, where n £ = —, 

JdBr j R 4 fI 

which precludes the possibility of having a compactly supported e in general. Instead, we 
will glue the 1-form e to another solution e( ? ) (see (14.3011 ) to the Gauss equation with a 
well-understood behavior at infinity, while keeping e unchanged in the region a\B. The key 
to carrying out this procedure is Proposition 14.41 which allows us to solve away certain errors 
in the Gauss equation in a bounded region of space. 
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We define e to be 


e = V(o) e + (! - V( 0 )) e (q) + e (G), (4-28) 

where {e^SeR is an explicit 1-parameter family of solutions to d e e^ q ) £ = 0 on M 4 \ {0}, to 
be introduced below, and eqo) will be constructed to satisfy the equation 

d e e {G )e = -d e rjf 0) (e £ - e iq]e ) with supp e (G) C aj i) B \ a x B. (4.29) 

For e( g ) and e( G ) as above, we can readily verify that (14.27P holds as follows: 


d e e £ - Im [fg\ =d t (tf 0) e e + (1 - rfo))e( q )e + e (G )*) - r)f 0) Im[fg] 

~ I MfH]) + (^(o))( e < - e w) + ^e (G) / = 0. 

The 1-form is defined on M 4 \ {0} component-wisely as follows: 

^ = hw (4 ' 30) 

Note that is precisely the electric held of a point charge at the origin given by the 
4-dimensional version of Coulomb’s law. Indeed, e( q ) satisfies the free divergence equation 

d l e m = 0, (4.31) 

and the charge of measured on any sphere dB r of radius r centered at the origin (in fact, 
any hypersurface enclosing the origin) equals q, i.e., 


e( q ) £ n l = q where rr = 


x 


(4.32) 


We now turn to the construction of e( G ). We wish to apply Corollary 14.71 thus we must 
ensure that 


0 = J 0*77(0) (e* - e (q)i) d ^- 
By (I4.32p and the divergence theorem, we compute 


(4.33) 


j ^0) e iq)i = ?■ 

Thus, (14,33ft dictates the following choice of q as a function of e for a fixed cr 0 : 

q[e\ ■= j d e rf 0) e e dx. (4.34) 

Since <9S 0 ) is supported in (Jq B \ (ay + 5oi)B C a 0 B \ B , we have 

M ^ / _rT|e|da: So ( diam5 )ll e llL2 (( r 0 s\s). 

Ja 0 B\B \ X \ 

Therefore, the L 2 norm of obeys the bound 

ll e (g)llLi(R 4 VB) ~ 1^1117773 llil(M 4 \B) ~ \\ e \\Ll(a 0 B\B)- (4.35) 

J J 

Similarly, we also have 

II<9% 2 1)S - e ( Sy (R4) < || e - e ( g )|| L 2 ^ oB \b) ~ \\ e \\ lI{<j 0 b\b) ■ 
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Applying Corollary 14.71 with A = a^B \a±B we obtain a solution e^a) to the problem (14.29P 
that satishes 

||e(G)||L2(R4) < CT0 \\e\\ L 2( aoB \By (4.36) 

Combined with (I4.14D . (14.151) . (14.2411 . (I4.25p . (I4.26p . (I4.28P and (I4.35p . estimates (14.ip and 
(14.2p follow. The proof of Statements (EJ) (EJ) of Proposition 14.11 is therefore complete. 

Step 4. Continuity and persistence of regularity. It remains to verify Statement 
([4P of Proposition 14.11 Inspection of our proof so far (using also the linearity statement in 
Corollary 14.7p shows that a, e, / and g are in fact linear in a, e, f and g , respectively; thus 
the continuity statement is a triviality. Checking the persistence of regularity property is a 
routine exercise using the corresponding statements in Corollary 14.71 and Proposition 14.91 we 
omit the details. □ 


Next, we prove Proposition 14.21 The main idea is the same as for the preceding proof of 
Proposition 14.11 the key difference is the choice of an 1-parameter family of solutions e^ p ) to 
the Gauss equation in Step 3, which now must be regular at the origin. 


Proof of Proposition As before, we may assume that B is centered at the origin of R 4 . 
For any given 1 < cr 2 < cr 0 < 2, we define 1 = (Xq < erg ^ < erg ^ < a ^ = a 2 < ctq as 


u ( “ 3) - 1 
°o — F 


a. 


(- 2 ) 


z , 1 (-1) 1 , 1 (0) 

= 3 + 3^0, <7* = - + -*0, = <? 2 - 


In what follows, we will write E mt [a, e, /, g] = (a, e, /, g). 

Step 1. Excision of aj. This step is very similar to Step 1 in the proof of Proposition 14.11 
except that we now excise the data in the inner part of the annulus. The goal is to construct 
a on a 0 B such that the following properties hold: 


a = a on a 0 B \ a q x) B, a = 0 on <jg 3 ^B, (4.37) 

Il a llhinz4(o- 0 B) ll a llifinL4( ( T 0 s\'B)) (4.38) 

II^IIl^o-oB) ^$°-o ^a 0 B\B[ a i e i f 1 d}- (4.39) 


Let O = O(o~o, B) denote the annulus OqB \ B. Applying Proposition 14.91 with F = da on 
O, we obtain a unique 1-form a that satisfies (l4.16jMI4.17lh and also a function y satisfying 
a = a — dy, f Q y = 0 and (14.181) . Let r/(- 3 ), V(- 2 ) be smooth function on R 4 such that 

■//(_ 3) = 0 on (Tq 3) B, ry_ 3) = 1 outside a^ 2) B, \d { x N) i]^ 3) \ < N , ao (dia imB)~ N for N >0, 
?7(_ 2 ) = 0 on <Jq~ 2 ^B, r/(_ 2 ) = 1 outside cr^B, \dl N) g^ 2 )\ <n,o 0 (diamS)' N for IV > 0. 

We dehne 

a := r /(_ 3 )(a - dy), where y := (1 - r/ ( _ 2 ))y- (4.40) 

Then proceeding as before, it can be checked that a satishes (I4.37MI4.39D . 
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Step 2. Excision of /, g. We seek to construct f',g' on cjqB such that 


(/', 9') = (/, 9 ) on B \ a 2 B, (/', g') = 0 on M 4 \ aj l) B , (4.41) 

11/ IlfrinLKo-oB) H/llhinL^o-oBYB)) (4.42) 

lb lU^crgS) < IbllL^CToBYB); (4.43) 

^ l|Dj/ IIl 2( CT0jB ) <(70 II j— i/IIlz^oBW) + X/ II^/IIlKo-oSVb)’ (4-44) 

1=1,-4 1 1 1=1,...,4 

where = dj + iaj and <j 2 = a^ = 4±p-. 

Let r/r-i) be a smooth function on M 4 such that 

V(~i) = 0 on erg ^B, r/(_i) = 1 outside cr^B, <n,<t 0 (diam B)~ N for IV > 0. 

We simply define 

f = V(-i )/, 9' = V(-i )9- (4-45) 

Then (l4.41D - fl4.44p can be easily verified. 

Step 3. Excision and gluing of /, g and ej. In this step, we finally define e, / and 
g on cro-B. As remarked above, the basic idea is similar to that in Step 3 of the proof of 
Proposition 14.11 However, the 1-forms {e^)}^ are not suitable for gluing to the cutoff of e 
outside a ball centered at the origin, since each e^ (with q ^ 0) is singular at 0. Thus we 
need to devise a different one parameter family of initial data sets. To have a solution to the 
Gauss equation with a nontrivial electric charge while being regular, we need to introduce a 
non-trivial charge density Im[/(p)^y] as well as e( p ), where p is the charge parameter. 

Let C be a smooth function on M 4 such that 

C > 0, ( = 0 outside B, f () 2 da; = l, <n (diamH) _iV_2 . 

J R 4 


Then for p 6 R, we define 

e (p)j = -pi-^y'djC 2 , (4.46) 

f(p) = vWiam B) i C, (4.47) 

9(p) = B)- 1 f {p) = -z^diam B)^ ( . (4.48) 

Note that (e( p ), f( p ), g( p )) solves the Gauss equation 

d £ e (p) ^ = Im[f {p) g^\, (4.49) 


and obeys the following properties: 


' rB 


cfe(p)j = p for any r > 1, 


\hp)hi < p(diam B) , ||/( P )|| i j-i n£ 4 (R 4 ) + |b(p)|U|(R4) < ^(diamH)" 
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(4.50) 

(4.51) 









Recall the definitions of /', g' from the previous step. We define (e, f,g ) as follows: 

e =V(-i)e + (1 - vf-i )) e ( P ) + e (G) 

7 =/' + /(p) 

.9 =g' + 9(p) 

where e( G ) will be constructed so that 

d £ e iG )£ = - e {p)i ) with supp e (G) C of* B \ B. (4.52) 

Note that 

supp f U supp g' C supp 77(_i) and supp ??(_p D (supp /( p ) U supp = 0. 

Using these properties, we can verify that (e, /, g) solves the Gauss equation as follows: 

dS - Im[7<7] =^(^_ 1} e £ + (1 - r}(-i))e(p)t + e(G)r) 

- V(-i)^ m [fg\ - (1 - rf-i))l™[f(p)9frj\ 

=d £ gf_ 1) (e i - e(pj/) + <9 £ e (G) £ = 0. 

In order to apply Corollary 14.71 we need 

0 = / - e w ) dx, 


which enforces the following choice of p as a function of e for a fixed ctq: 



p[e] 

:= J d i gf_ 1) e i dx. 

(4.53) 

As before, p obeys the bound 





\p\ So 

(diam5)||e|| L | (o . oS \B ) , 

(4.54) 

and therefore 





11^ V(-l)( e e e (p)d II l §^ 4 ) So ll e e (p) IIl2(o- 0 _B\B) So ll e llL2((T 0 S\B)- 


Now applying Corollary 14.71 with A = < 7 ^ B\a^ ^B we obtain a solution e( G ) to the problem 
(I4.52p such that 

|| e (G)||L2(R4) < 0-0 ll e llL2(o- 0 B\S)- (4.55) 

From (14.38p . (14.39p . (14.42p . (I4.43p . fj4.44p . (14 .51 p . f!4.54p and (14.551) . estimates (14.3p and 
(14. 4p follow. Thus the proof of Statements (P)-© of Proposition 14.21 is complete. 


Step 4. Continuity and persistence of regularity. To complete the proof, we need 
to establish Statement d3J) of Proposition 14.21 As in Proposition 14.11 this task is a routine 
exercise of inspecting the proofs so far; we omit the details. □ 
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5. Local geometric uniqueness of Maxwell-Klein-Gordon 

In this section we formulate and prove local geometric uniqueness (i.e., uniqueness up to 
a gauge transformation) of Maxwell-Klein-Gordon equations at the energy regularity. In 
Section 15.11 we formulate the notion of an admissible C t H l solution and the associated 
class C t Q 2 of gauge transformations, which provides an adequate setting for local geometric 
uniqueness. Then in Section Hm?l we state and prove the local geometric uniqueness of (IMKGD 
in the class of admissible CtH 1 solutions (Proposition [572]) . 


5.1. Admissible C t H l solutions and gauge transformations. Here we introduce the 
notions of classical and admissible CtH 1 solutions to flMKGI) . Classical solutions refer to 
smooth solutions to (L\ I KG I) with sufficient spatial decay, and admissible CtH 1 solutions are 
defined as local-in-time limits of classical solutions in the energy topology CtH 1 , to be defined 
below. We also define the associated classes of gauge transformations. 

Given an open set O C M 1+4 and a pair (A M , 0), we define the CtH x (0) norm of (A M ,0) 
to be 

\\( A uA)\ \ctHHO) ■= ess sup (||(A m , 0 )||iji n z 4 ( e> t) + \\{d t A^ <9t0)|| L 2 (Ot) ), 
tei(o) 

where O t := O D ({t} x M 4 ) and 1(0) := {t G K. : O t ^ 0}. Similarly, we define the C t Q 2 (0) 
norm to be 

llxll CtG 2 ( 0 ) ■■= esssup (Wxhinw^nBMom + \\ d tX\\m x nLi(o t ) + \\%x\\m(O t )) 

We will say that a smooth solution (A, 0) is classical, and write (A, 0) e Cf°H°° (O ), if 
(C ) A /i ,C ) 0) e C t H l (0) for all N > 0 and (A M , 0) e C t (I(0)\L 2 x (O t ))- 

We similarly define the space Cf°Q°°(0) of classical gauge transformations by saying that 
X e Cf°Q°°(0) if and only if 

x e C,(/(0); L\(O t )) and d ( , N J X £ C t {I(0)\Ll(O t )) for every N > 1. 

We define the notion of a admissible CtH 1 solution to (IMKOI) and gauge equivalence between 
two such solutions as follows. 


Definition 5.1 (Admissible CtH 1 solutions). Let O be an open subset of M 1+4 . 

(1) We say that a pair (A M , 0) G C t f-l l (0) is an admissible C t H 1 solution to il.MK( ill on O 
(or admissible CtH l (0) solution ) if it can be approximated by a sequence (A^f\ 

of classical solutions to (L\ 1 KG I) locally in time with respect to the CtH 1 norm. More 
precisely, for every compact interval J C 1(0), we have as n —y oo, 

ll(A„0) - (A^ n) , 0 (n) )||c f Ri(c>n(JxR 4 )) —> 0. 

(2) We say that two admissible CfH v (0) solutions (A M , 0) and (A' ,<ft) are gauge equiv¬ 
alent if there exists a gauge transform x £ C t Q 2 (0) such that A M = A^ — d^\, 
0 = 0'e* x . 
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5.2. Local geometric uniqueness of an admissible CftH 1 solution. In this subsection, 
we state and prove the geometric uniqueness of an admissible CftH 1 solution of (LMKOI) . As 
discussed earlier, this statement can be thought of as the gauge invariant version of finite 
speed of propagation for (1MKGI) . 

Before stating the main result (Proposition [52]), we need to make a few definitions. Given 
a point (t 0 ,x 0 ) G R 1+4 , we define its causal past J~(t 0 ,x o) to be past-directed light cone 
with (t 0 ,x 0 ) as the tip, i.e., 

J~(t 0 , x 0 ) := {(i, x) G R 1+4 : t <t 0 , \x — x 0 | < to — t}. 

For an open subset B C {f 0 } x R 4 , we define its future domain of dependence T> + (B) to be 
V+(B) = {(t,x) G O : J~(t,x) n ({t 0 } x R 4 ) C B}. 


For example, when B is an open ball of radius r 0 > 0 in {t 0 } x R 4 centered at xo, its future 
domain of dependence is the cone given by V + (B ) = {{t, x) : to < t < to + r 0 , 0 < \x — Xo| < 
r 0 ~ (t — t 0 )}. The causal future J + (to,xo) and past domain of dependence V~(B) can be 
defined analogously. 

We now state our local geometric uniqueness result. 


Proposition 5.2 (Local geometric uniqueness at energy regularity). Let To > 0 and let B 
be an open ball in R 4 . Let (A, ft), [A', ft') be admissible CtH 1 solutions on the region 

V :=X?+({0} x5)fl ([0, T 0 ) x R 4 ). 

Suppose that the initial data ( a,e,f,g) and (a', e', /', g') for (A, ft) and (A', (ft), respectively, 
are gauge equivalent on B, i.e., there exists a gauge transformation y G G 2 (B ) such that 

(a, e, /, g) = (a' - dy, e', e'Zf, e l ^g'). 

Then there exists a unique gauge transformation y G C t G 2 (T >) such that y f{o}xB= X an d 

{A, (ft) ={A'- dy,eV) on V. 

When the energy is small, this proposition is a rather quick consequence of Lemma 13.31 
the small energy well-posedness theorem (Theorem 11.21) and the following local geometric 
uniqueness for classical solutions. 


Lemma 5.3 (Local geometric uniqueness of a classical solution). Let To > 0 and let B 
be an open ball in R 4 . Let [A, (ft), (A', (ft) be classical solutions on the region V as in 
Proposition 15. A Suppose that the initial data (a, e, /, g) and (a', e', /', g') for ( A , <ft) and 
(A 1 , (ft), respectively, are gauge equivalent on B by a gauge transformation y G G°°(B). 
Then there exists a unique gauge transformation y G such that y f{o}xB= y and 

(. A , (ft) = ( A' — dy, e lx (ft) on V. 

This lemma can be proved by applying a gauge transformation to both solutions (A, ft), 
(. A', ft') so that they have the same initial data and lie in a gauge where some higher regu¬ 
larity local well-posedness (hence uniqueness) and the finite speed of propagation property 
holds. An example of such a gauge is the temporal gauge Aq = o mmm- We omit the 
straightforward details. 

Our idea for proving Proposition 15.21 which foreshadows the strategy behind establishing 
the local well-posedness theorem (Theorem 16. ip in Section El is essentially to piece together 
the aforementioned small energy uniqueness by exploiting finite speed of propagation. An 
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immediate obstacle is that Theorem 11.21 requires using a non-local gauge (i.e., the global 
Coulomb gauge), with respect to which finite speed of propagation breaks down. To get 
around this, we will rely on the excision and gluing techniques developed in Section [H 

Proof of Proposition 15.21 For simplicity of the exposition, we will assume that T 0 > 1, so 
that T> = V + (B). The general case T 0 > 0 can be handled with a little modification of the 
argument below. Given a subset O C R 4 , we will abuse the notation for convenience and 
use O and {0}xO interchangeably. 

Step 1. We begin the proof of Proposition 15.21 by reducing it to the following claim: 


Claim 1. Let 6 > 0 and let B be an open ball in R 4 . Let (A, (ft) and (A', (ft') be admissible 
C{H) solutions on V with gauge equivalent initial data on B as in the hypothesis of Propo¬ 
sition [T2j Then there exists a unique gauge transform y £ CtG 2 (T> + (( 1 — $)B)) such that 
(A, (ft) = ( A ' - dy, e lx (ft’) on V + ({1 - S)B) and y t{o}x(i -s)b= X \(i-8)b- 

Indeed, once Claim [His proved, Proposition 15.21 would immediately follow by taking 5 —> 0. 
Note that we have an apriori bound on the gauge transformation y between (A , (ft) and (A', (ft 1 ) 
in C t G 2 {V) simply from the fact that (A, (ft), (A', (ft') £ CtPL^V). 

The advantage of establishing Claim [1] instead of directly proving the proposition is that 
we have gained an extra room V + (B) \ V + ((l — 6)B), which will serve as a ‘cushion’ for 
performing the excision and gluing procedure developed in Section [4j 


Step 2. In this step, we show that Claim Q] follows from a more local statement, namely 
Claim [2] to be stated below. By translation and scaling symmetries, we may assume that B 
is the unit ball {|x| < 1} in R 4 . Let (A, (ft) be an admissible C{H . 1 solution to (1MKGI) on T>, 
and let (a, e, /, g) be its initial data on {0} x B. 

We make the following claim: 


Claim 2. There exists 0 < e < which depends only on ( a,e,f,g) and 5 > 0, such that 
the following holds: For every ball B e of radius e such that (1 + 8)B e C B, there exists an 
admissible C{H} solution (A[£ e ], <ft[B € \) to (1MKGD on V + (B e ) such that {A, (ft) \v+(B f ) is gauge 
equivalent to (A^ e ], (ft[B e ])- Moreover, for a fixed 5 > 0, (A[B e ], (ft[B e ]) is uniquely determined 
by (a,e, f,g). 


In the rest of this step, we give a proof of Claim [Tj assuming Claim [2l In what follows, we 
will write B e to denote a ball of radius e whose center may vary. 

Let (a', e', /', g') be the initial data set for (A', (ft') on {0} x B. By hypothesis, there exists 
y £ G\B) such that 

(%, G, /> g) = ( a 'j - djX, e'j, e l -f, e*V)- 

We extend y to T> by imposing the condition <9 t y = 0; abusing the notation a bit, we 
will denote the extension still by y. We then define (A", (ft") := (A' — dy, e'Xtft'). Note that 
y £ C t g 2 (V), (A", (ft") £ CtH v {f.V), and that the initial data for (A, (ft) and (A", (ft") coincide 
on {0} x B. Applying Claim [2] to (A, (ft) and (A", (ft") separately, observe that we obtain 
the same solution (A[B e ], <ft[B t \) for each B e such that (1 + 6 )B e C B, because the initial 
data are identical. Since gauge equivalence is a transitive relation, it follows that for every 
(1 + S)B e C B, there exists X[B e ] £ C t G 2 (T> + (B e )) such that 

(A, (ft) = {A" - dy [Be] ,e ix ^(ft") on V + (B e ) 
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with \[B e ] = 0 on {0} x B e . Note that 

V + ((l-Se)B)n([0,e) xl 4 ) = (J V + {B t ). 

B e QB 

Since d t X[B e ] = Aq — for each B ej we deduce that there exists a gauge transform x! 011 
T> + {{ 1 — 5e)B) D ([0, e) x M 4 ) that coincides with each X[B e \ on V + (B e ) and thus 

(A, 0) = (A" - dx', e ix 'f) on D + ((l - 5e)B) D ([0, e) x M 4 ). 

Note also that x' £ C t Q 2 (V + (( 1 — 5e)B) D ([0, e) x M 4 )), since {A, 0) and {A”, 0") are in 
CtH 1 . Moreover, we have x' f{o}x(i-< 5 e)_B= 0, since each X{B f ] equals 0 on {0} x B e . Defining 
X = x' + X 011 ^ + ((1 — <5e)-B) D ([0, e) x M 4 ), it follows that 

(A, 0) = {A! - dx, e* x 0 / ) on Z>+((1 - Se)B) n ([0, e) x M 4 ). (5.1) 

an d X l'{o}x(i-5e)B= X- 

We now conclude with a continuity argument. Consider the set 
T={T e [0,1] : 3x G C t g 2 s.t. (A, 0) = ( A' - d X , e' x 0') on V + ((l - ST)B ) n ([0, T\ x M 4 ) 

and x l'{o}x(i-<5T)s= X }• 

Clearly T is an interval containing 0. We claim that sup7~ = 1. Indeed, by continuity of 
(A, 0) and (W, 0'), we have sup T G T so T is closed. On the other hand, if T < 1 is in T, 
then by (15.11) (suitably rescaled), we see that there exists some e > 0 such that T + e G T. 
Thus T is open in [0,1]. As it is both open and closed, we must have T = [0,1]. Claim [1] 
now follows. 


Step 3. Proof of Claims To finish the proof, it remains to establish Claim [2j The key 
ingredients are the local geometric uniqueness statement for classical solutions, Theorem 11.21 
and the excision and gluing techniques in Section [4l 

Fix Co := 1 + 5 and G\ — 1 + 8/2. We select e > 0 so that for every aoB e C B we have 


II (a, e, /, g) ||^i ((T oBe) < ( 5 - 2 ) 

where C\ = C\ (a Q , (J\ ) > 1 is the implicit constant from (14.11) in Proposition 14.11 Since 
(a,e,f,g) G 1-L l (B) and a 0 B e C B , it is not difficult to see that a non-zero choice of e is 
always possible, and it depends only on S > 0 (through cr 0 = 1 + 5) and (a, e, /, g) on B. 

Next, by the definition of an admissible solution, there exists a sequence (kb n \0( n )) of 
classical solutions on T> which converges to (A , 0) in the CAhL 1 norm. Denoting their initial 
data on {0} x B by (add, e W, yhd,g( n )), we may assume (by throwing away finitely many 
terms) that 

for all n € Z+. (5.3) 

Now we apply Proposition 14. II to ( a^ n \ e^ n \ f^ n \ g^) [resp. (a, e, /, g)\ on a 0 B e \ B t , from 
which we obtain an initial data set (a^ n \e^ n \ yffi^ghd) [resp. (a, e, f,g)\ on M 4 such that 


(»(”),-f (o,e,/,5) in (5.4) 

Applying Lemma 13.31 and imposing some condition to fix the constant gauge transformation 
ambiguity (e.g., requiring the integral of the gauge transformation on B e to vanish), we 
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arrive at a globally Coulomb initial data set (a^ n \ e^ n \ f^ n \ g^) [resp. (a, e,/,g)] which 
is gauge equivalent to {fa^ n \ef n \ f^ n \^ n ' 1 ) [resp. (a, e, f,g)] and satisfies (15.4p . Then by 
Theorem 11.21 there exists a sequence of global classical solutions (A^ n \ <jA ) with initial data 
(a^ n \ e^ n \ f^ n \ g( 71 ' 1 ) in the global Coulomb gauge, which converges in S 1 C C{Hf locally in 
time to a solution (A, (ft) with initial data (a, e, /, g). 

Observe that (af n \ e^, f( n \ g^>) |A e is gauge equivalent to (a^ n \ e^ n \ f^ n \ g^) by 
construction. By classical geometric well-posedness, it follows that [A^ n \^f n >) \t>+(b e ) is 
gauge equivalent to (A( n ), </>(")) \v+(B e ) for each n. As [A^ n \ <ft^>) —> (A, (ft) and (A^ n \ </>0)) _>. 
(A, 0) in Ct'H 1 (T> + (B e )), we can take the limit of the gauge transformations and conclude 
that there exists x £ C t Q 2 {T> + (B e )) such that 

(A, <j>) — (A — dx, e ix 4>) on V + (B e ). 

Defining (A [Be] , (ft [Be] ) := (A, (ft) \v+(B e ), Claim [2] follows. □ 

6. Finite energy local well-posedness in global Coulomb gauge 

The purpose of this section is to establish local well-posedness of the (4 + l)-dimensional 
il.MK( ill for finite energy Coulomb initial data in the class of admissible solutions in the global 
Coulomb gauge (to be defined precisely below). As the energy regularity is critical respect 
to the scaling property of (1MKGD . the lifespan of the solution cannot depend only on the 
size of the initial energy. However, given an initial data (a, e, /, g) with £[a, e, /, g) < E, we 
shall prove a lower bound on the lifespan that is proportional to the energy concentration 
scale r c of the initial data, defined as 

r c[a,e, f,g] :=sup{r > 0 : \/x G R 4 , S Br{x )[a, ej, g] < 5 0 (E, el)}, (6.1) 

where S 0 (E,el) > 0 is a fixed function to be determined below (see Proposition 16.71) and el 
is the threshold energy for small data global well-posedness (Theorem 11.21) . Note that for 
any choice of 5 0 and (a, e, /, g) G "H^M 4 ), we always have r c [a, e, /, g) > 0. 

We define the energy profile p of (a, e, /, g) to be 

p(x) = p[a, e, f,g)(x) := ^(|da| 2 + |e| 2 + |D/| 2 + M 2 )(a), (6.2) 

so that f s pdx = £s[a,e, f, g] for any measurable set S C M 4 . We say that an admissible 
Ctfi 1 solution (A M , (ft) on a time interval / x M 4 obeys the global Coulomb gauge condition if 

d e A e = 0 on / x M 4 . (6.3) 

The precise statement of our local well-posedness theorem in global Coulomb gauge is as 
follows. 

Theorem 6.1 (Local well-posedness of (LMKOI) at energy regularity, complete version). Let 
(a,e,f,g) be an 'H 1 (M 4 ) initial data set satisfying the global Coulomb condition d £ ai = 0 
with energy £[a, e, /, g] < E. Let r c = r c [a, e, /, g\ be defined as in (16.11b Then the following 
statements hold. 

(1) There exists a unique C t TL l admissible solution {A, (ft) to (IMKGD on [—r c ,r c ] x M 4 
with (a,e,f,g) as its data at t = 0, which obeys the global Coulomb gauge condition 
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(2) We have the additional regularity properties 


A 0 e y'([-r c ,r c ] x R 4 ), A x ,$ 6 S'd-r^rJ x R 4 ), 


(6.4) 


with bounds depending only on the energy profile p, where the spaces Y l and S 1 will 
be defined in Section \6.3\ below. 

(3) The solution (A, 0) is more regular if the initial data set (a, e, f, g) is. In particular, 
(. A , 0) is classical if (a, e, /, g) is a classical initial data set. 

(4) Consider a sequence (a™, e^ n \ f (n \ g ( C) ofTL 1 globally Coulomb initial data sets such 
that (a^ n \ e^ n \ f^ n \ g^) —> ( a,e,f,g) in 'H 1 (M 4 ) as n —» oo. Denote the correspond¬ 
ing solutions to (LUKGI) given by Statement ([Tp by (A^ n \ (p^). Then the lifespan of 
(A( n \ fO'j eventually contains [— r c ,r c \. Moreover, we have 


II A) - ^O^IlyM-r-crc] + II Ac ~ Ac^ IUi[-r c ,r c ] + ||0 ~ 0^ Hsq-rcrc] -» 0 


(6.5) 


as n —» oo. 


Remark 6.2. In fact our proof below yields an a-priori bound for the S 1 norm of (A x , 0) and 
the Y 1 norm of A 0 that depends only on the energy E, the energy concentration scale r c and 
the tail of the energy profile p , i.e., the smallest radius r 0 > 0 such that there exists Xq G M 4 
satisfying 

[ pdx < 5 0 (E,el). (6.6) 

■/ R4 \s^ ro (* °) 

We refer to Remark 16. 191 for a further discussion. 


As mentioned in the introduction, a theorem of this type is usually proved by exploiting 
finite speed of propagation, patching together local solutions with small initial data. How¬ 
ever, while implementing this strategy in our context, one is faced with difficulties due to 
non-local features of flMKGIl . One source of non-locality is the presence of the Gauss (or 
constraint) equation; another is the elliptic nature of the global Coulomb gauge. To address 
the first issue, we use the technique of excision and gluing initial data sets developed in 
Section U To deal with the second issue, we introduce a procedure for patching rough local 
solutions together to produce a local-in-time but global-in-space solution, inspired by similar 
ideas in elliptic gauge theories. 

The rest of this section is structured as follows. In Section [6711 the uniqueness statement of 
Theorem 16.II is established using the local geometric uniqueness result proved in Section [5] In 
Section 16.21 we consider the question of partitioning the initial surface R 4 into regions which 
carry a small energy. Section [6731 we introduce the function space framework for patching up 
local (IMKGf) solutions. Using this framework, we establish Proposition 16.161 in Section 16.41 
which is an abstract statement that contains the essence of our patching argument. Finally, 
in Section 16.51 we put together the tools developed in the previous subsections to prove 
Theorem 16.11 


6.1. Uniqueness in the global Coulomb gauge. In this brief subsection, we prove the 
uniqueness statement in Theorem 16.II (i.e.. uniqueness of an admissible C f ?f 1 (/ xl 4 ) solution 
in the global Coulomb gauge) using Proposition 15.21 

Patching together Proposition 15. 2l on balls covering M 4 , it follows that two admissible CfH 1 
solutions ( A , 0) and (A', 0') on [0, T 0 ) x M 4 are gauge equivalent if their initial data sets are 
gauge equivalent. We then make the following observation: 
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Lemma 6.3. Let I C M be an open interval. Let (A 0) and (A^, 0') be admissible CtH 1 
solutions on I x M 4 , which are gauge equivalent and obey the global Coulomb gauge condition 
(E3D- Then there exists a constant Xo £ ® such that (A 1 , 0') = (A M , 0e* xo ) on I xl 4 . 

Proof. Note that in the global Coulomb gauge, A G C t °i/ 4 is determined uniquely from 
dr An = 0, d A = F and flMKGjl . This observation hxes the gauge transformation x between 
(A, 0) and (Af 0') up to a constant, at which point we are done. □. 

Therefore, to complete the proof of Theorem 16.11 it suffices to prove the local existence, 
persistence of regularity and continuous dependence on the initial data. 


6.2. Energy concentrations scales. Here we consider the energy distribution of initial 
data (a, e, /, g) in the global Coulomb gauge, and show that we can cover M 4 with small 
energy cubes with side length bounded from below by 4r c . We also ensure that the covering 
is slowly varying, in the sense that neighboring cubes have comparable side lengths. This 
condition is needed for an effective control of the constants in the patching procedure in 
Section 16.41 The number of such cubes, which we denote by K, can be trivially bounded 
by (fo/r c ) 4 , where ro is defined by the condition (16. 6ft ; this number will enter in the final 
a-priori S 1 regularity bound in (16.41) . As a part of our analysis here, we also specify the 
constant So(E,el) in (16.11) . See Proposition 16.71 below for a more precise statement. 

We begin with a preliminary result, which shows that for Coulomb data the energy controls 
the full "H 1 norm: 


Proposition 6.4. Let ( a,e,f,g ) G 'H 1 (M 4 ) be a Coulomb initial data set with energy E. 
Then we have the bound 

\\(a,e,f,g)\\ 2 W{Il , ) <E + E\ (6.7) 

Proof. We need to obtain bounds for A and / in if 4 . We begin with a, where the Coulomb 
condition V ■ a = 0 allows us to estimate in linear elliptic fashion 

IMIjji ~ ll da lk ~ E *- 

For / we first use the diamagnetic inequality and Sobolev embeddings to obtain 

ll/Ik < ||V|/||| L| <||D/|| LS <^ 

and then, splitting the covariant derivative, 

IIV/IUi < IID/Un + 11/IUjlMU. < Ei + E, 

which completes the proof. □ 

Next, we give an improvement of Hardy’s inequality 

Ill^-^orVlUi < l|V|/||U s < HD/lUg, (6.8) 

which is our tool for obtaining smallness of the weighted L 2 norm in (14.21) . We state a general 

version on M d . 


Lemma 6.5 (Improved Hardy’s inequality). Let aj, f G ih 1 (M d ) where d > 3. Then for any 
ball B = B ro (x o) and cr 0 > 2, we have the bounds 


\x — x 0 


-f\\Ll(2B\B) ~ 


W^f\\Ll(a 0 B\B) + a 0 


|W|| L 2( ffi d\ CToB ) 


(6.9) 
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II \ x _ ~ ll D /IU?HS) + a 0 2 ll D /llL2(Rd\^B)- (6-10) 

Remark 6.6. In this paper, we only use the inequality (16.10p on balls. The version (|6.9[i will 
be useful in the third paper [22J of the series. 


Proof. By translation and scaling, we may assume that B = 5i(0). We begin by splitting 
g := |/| into spherical harmonics. In the case of non-spherically-symmetric modes, by 
Poincare’s inequality on spheres and the diamagnetic inequality, we have 

WtT\9WlI(2B\B) ~ IIWIIIl|(2B\:b) ~ l|D/II.Lg(2B\B)j 


where | X 7 !/!! denotes the size of the angular derivatives under the induced metric on the 
sphere {|a:| = const}. Hence we are reduced to the case when g is radial. 

By the one-dimensional Hardy inequality, we have 

d—2 d— 1 

If/Ml < \\r~g 11 ^( 00 , 00 ) ^ ll D /llL 2 (Rrf\^B)- 

Moreover, by the fundamental theorem of calculus and the diamagnetic inequality, we have 
the one-dimensional dyadic bounds 


a 2 sup | g(r) - g(r')\ < Wg'W^i^ < a V IlD/H^^i^) 

^CT<r,r'<cr 


for all a > 2. (6.11) 


Then by summing up the dyadic bounds for 2 < a < cr 0 , we then obtain the L°° bound 

||^||l°°(i,2) ^ I|D/|| L 2( ctB \b) + <T 0 2 ||D/|| L 2( K d\yyB)- (6-12) 

Applying Holder’s inequality, the desired estimate (16.9ft follows. 

We now turn to the bound (16.101) on the full ball 2 B. Again splitting g — \ f\ into spherical 
harmonics, we are reduced to the case of a radial function g. But in this case we have the 
one-dimensional Hardy inequality 

\\r^g\\mo,i) < \\r^g'\\mo,i) + 10(1)1 < ||D/|Ul(B) + |0(1)|. (6.13) 

Combined with (16. 121) . the desired inequality (16.lOjl follows. □ 


We are now ready to state and prove the main covering result of this section. We also 
settle the choice of Sq(E, el). 

Proposition 6.7. Assume that S 0 (E, el) is chosen so that 

5 0 (E,el) = c 2 elmm{l,eiE~ 2 }, (6.14) 

with a small universal constant c. Let r 0 and xq be as in (16.61) . Then there exists a dyadic 
cube Ro of side length ~ r 0 and a partition of it into smaller dyadic cubes 

Ro = R a 

aeA 


with the following properties: 
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(6.15) 


(1) Small energy: The following bound holds for Q = 18 R a and Q = (-b R 0 ) c : 

1 

£ Q [a,e,f,g\ + j^\\f\\l l{Q) < e 2 , 

where we use the convention that £{Q) = £(j^Ro) when Q = (ER 0 ) C . 

(2) Size of cubes: The side length of the cubes is bounded from below by 4 r c . 

(3) Number of cubes: The number of cubes {i? a } is bounded by K := |M| < (r 0 /r c ) 4 . 

(4) Slow variance: The size of all pairs of neighboring cubes may differ at most by a 
factor of 2, and all cubes adjacent to the boundary of Rq have size at most £(Rq)/ 64. 


Proof. Let r 0 and xq be as in (16.61) . It suffices to consider the case E > el since the 
proposition is trivial in the other case. We may also assume that ro > 200 r c , as otherwise 
we can simply choose {R a } = {-Ro} where R 0 is the cube of side length 2r 0 centered at x 0 . 
By translation and scaling, we may henceforth take Xq = 0 and r c = 1. 

We choose the large cube R 0 centered at 0 so that H ro (0) C R 0 C 3B ro (0) and £(Rq) G 2 Z . 
This cube will set the coordinates for our dyadic grid; more precisely, subsequent cubes will 
be obtained by repeatedly subdividing the sides of R 0 in half. To ensure slow variance, we 
use the following procedure to construct the collection TZ := 

• In the first step, we add to the collection TZ the cubes of side length ^£{Rq) adjacent 
to Ro; 

• Then we recursively add to the collection TZ the cubes which are disjoint from but 
adjacent to the existing collection, with half the side length of the cubes added in 
the previous step; 

• We repeat this process until we arrive at cubes of side length Then we cover the 
rest of Rq with dyadic cubes of side length }. 

We call Rq the initial cube, the cubes of side length between | and ^£(R 0 ) the intermediate 
cubes , and the cubes of side length } the final cubes. Note that all intermediate cubes are 
contained in R 0 \ (y|i? 0 ) c . 

From the construction, it is obvious to see that Properties (2), (3) and (4) hold. The 
condition (16.1 5ft clearly holds for the initial cube Q = Ro) c , by (16.61) and the localized 
Hardy’s inequality 


\x\ 


if II 


U B r 0 '. 


< 


ID/ll 


. Bro) <to(E,ei) = cetE 


-l 


(6.16) 


Moreover, we claim that the final cubes also satisfy (I6.15p . Indeed, the energy term £q 
in (I6.15p follows from the definition of r c . To control the weighted L 2 X norm, we apply 
Lemma 16.51 and use the fact that we scaled r c = 1 to obtain 


£(18R 0 


; II ^ II L|(18i? a ) ~ a 0^o(E, e*) + Cq 


-2 


E 


Then choosing <5 0 as in (16.141) and <Tq = cf 2 ej 2 E for some small universal constant c 0 > 0, 
the desired estimate (16 .1 5p follows. 

Finally, for the intermediate cubes R a G TZ of side length between } and the 

smallness for the energy £q in (I6.15p follows immediately from (16.61) . Hence it only remains 
to justify the weighted L 2 X bound in (16.61) for these intermediate cubes. We split our argument 
into two cases: 
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(a) When £{R, a ) > y^o^o 1j ^(E 0 ), we use (EJSD to estimate 

1 2 

JfJSRa) 2 Wf\\h x (i8 R a ) ~ ~ {c/cofe^E \ 

which is good. 

(b) When £(R a ) < -^ctq 1 £(Ro), observe that we have 

18 R a C B a C a 0 B a C M 4 \ ^_£? ro 

where is the ball of radius £(18i? a ) with the same center as R a . This chain of inclusions 
is a consequence of the fact that all intermediate cubes belong to R 0 \ (y|i?o) c , which are all 
at distance at least \£(Ro) from q . Therefore, by (16.61) and application of Lemma 16.51 
we obtain 

£(18R a ) 2 ~ £(18 Ra) 2 ~ e *) + a o E, 

which implies the desired bound. □ 


6.3. Functions spaces and gauge transformation estimates. In this subsection we 
introduce the function spaces that will be used in the proof of existence of finite energy 
solutions to LMKGI) in the Coulomb gauge. 

The first two such spaces are the spaces Y 1 and S 1 , which were used in jT8] to control 
the elliptic component (i.e., Mo), respectively the hyperbolic components (i.e. A x and 0) of 
small energy solutions in the global Coulomb gauge. These functions spaces are defined in 
[IB] in the whole space-time R 1+4 . 

We start with the space Y s , which was used in [18] to control the elliptic component (i.e., 
Aq) of a solution to (LMKOI) in the global Coulomb gauge. Let s be a non-negative integer 
and q G [1, oo]. Given a tempered distribution ip on M 1+4 , we define its Y s,q norm to be 

IM|y^(r 1 + 4 ) := 

where we take L q t H^ q = L^°L 2 when q = oo. Then the Y s space is defined as the space of 
tempered distributions for which the following norm is finite: 


Observe that 
In particular, 


V s (R 1 + 4 ) IM|y s ’ 2 (R 1+4 ) + ||ol|v s '°°(R 1 + 4 ) 

|yo,s(Ri+4) (and thus || • ||yo( R i+4)) scales the same way as the L^°L 2 


norm. 


|y 1 (R 1 + 4 ) 


scales like the LT Hi norm. 


Next, we introduce the S 1 norm on M 1+4 , which was used in [TH] to measure the size of the 
hyperbolic components (i.e., A x and 0) of solutions to (LMKOI) in the global Coulomb gauge. 
The precise definition of this norm involves null frame spaces ;30j, and is rather technical 
to state. The fine structure of this norm, though crucial for establishing the small data 
theory of (1MKGI) at the energy regularity, is not necessary for the purpose of the present 
section. Hence, here we will be content with simply stating the necessary properties of the 
S 1 norm; the rigorous definition of S' 1 will be recalled from [T8] in Section [7] where the proof 
of these properties will be given. 
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We begin by introducing the norms X x ,b and X (where s,b G R, 1 < r < oo), defined by 

IMIx^(R 4 + 4 ) : = 2 (6 - 17) 

3 

IMIxr ,fc (R 1+4 ) ,= ll‘^llf 2 Xr’ t '(R 1+4 ) “ ( H^ ,fc< ^llx^:l!(M 1 + 4 )) ’ (6.18) 

IMIx(R 1+4 ) •=ll n vll I?J j-i ( „ I+ , ) . ( 6 - 19 ) 

with the obvious modification in the case r = oo. 

i i 

The S 1 norm, to first approximation, is an intermediate norm between C®H X . D X^ 2 and 

i i 

X 1 ’ 2 n X- More precisely, we have 


Wdt^Wh^Li + 


X, 


°'2 


< 


IMIs 1 ^ IK x<p\\ 


x 


°>2 


+ 


X, 


( 6 . 20 ) 


where all norms are defined on R 1+4 . Further properties of S 1 will be stated in the course 
of this subsection. 

The spaces Y 1 and S 1 have an i 2 dyadic structure in frequency. However, it is also useful 
to work with different dyadic summations. Precisely, we introduce the notation £ r X for any 
function space X on R 1+4 , where 


IMIrx 


(Dl^lli)'- 


Remark 6.8. One motivation for this is the observation, heavily used in in [18], that certain 
portions of small data MKG waves exhibit better dyadic summability properties, as follows: 

• The elliptic portion A 0 of the solution is in the smaller space OF 1 . 

• The hyperbolic component A x , admits a decomposition A x = Af ree + A^r, where 
A f J ee represents the free wave matching the initial data, while the nonlinear portion 
A nl has the better regularity A nl e OS 1 . 

• The high modulation part of both A x and (j) has better dyadic summability, [A — 
x, <f>) e OX. 

We further remark that the OX norm was included in S 1 in [18]. For the sake of uniformity 
in notation we do not do this in our series of papers. 


In addition to Y 1 and S 1 , in this paper we also need function spaces to describe the class 
of gauge transformations we use in order to assemble local solutions to (MKG). The main 
space we use for this is y := £ 1 F 2 (M 1+4 ), with norm 

2 

IMIy(R 1+4 ) = EE (2 ( 2 N)k \\d?P k <p\\ L i b(r i+ 4) + 2 (2 iV)fc ||9 t JV P fc ^|| L o OL 2( M i + 4 )). (6.21) 

k N =0 

For technical reasons we will also consider a variant of y, namely the y space. Its norm is 
defined as 

ll r /lly(Ri+ 4 ) := IkillV 2 ’ 2 (R 1+4 ) + y^ 2 ^l|-Pfc^||L?°L2(Ri+ 4 )- 

k 
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It is easy to see that ^(R 1+4 ) is weaker than jL(M 1+4 ), i.e., 

ll^lly(R 1 + 4 ) ~ llxl|y(R 1 + 4 )- 


( 6 . 22 ) 


Insofar, we have defined our function spaces on the whole space M 1+4 . Here we also need 
to use them on on compact time intervals I x R 4 or more generally on open sets. For this 
it suffices to take the easy way out and use the method of restrictions. Precisely, Let X be 

^ . 5 2 

any one of Y 1 , S 1 , y, y or Bf , etc. For an open subset R 1+4 , we define the space 

X(0) to consist of restrictions of elements in A"(M 1+4 ) to O, with the norm given by 

IHLy(O) := inf{||0|| x( Ri+4 ) : 0 G X(M 1+4 ), 0 = y on &}■ 

Given two non-empty open sets Oi D 0 2 , the restriction map yiOf) —> y(0 2 ) is a bounded 
surjection. 

In particular, for X as above and a time interval / we will denote by X[I] the restrictions 
to / x R 4 of X functions. We refer the reader to the second paper in our series [21J for 
further discussion of the S 1 [J] and Y[I] spaces. 

We remark that, in view of the above definition, all algebraic estimates involving our 
spaces in R 1+4 easily carry over to any nonempty open subsets. In particular this applies to 
all of the estimates below in this subsection. 


The space y (more precisely, its local version defined below) will be the main function space 
that contains the local gauge transformations in the proof of Theorem 16. II It has the desirable 
property that if y G ^ and (H, 0) is a solution to (1MKGI) such that A 0 G Y 1 , A x , 0 G S 1 , then 
the gauge transformed solution (A', 0') = [A — dy, e* x 0) also belong to the same functions 
spaces. The following lemma justifies a half of this statement, precisely the part dealing with 
A. The other half is in Lemma 16.101 


Lemma 6.9. For y G jy(® 1+4 ) we have 

ll^tyilpypRH- 4 ) + 11 y 11 s 1 (Ri+ 4 ) + llxlk-(R 1 + 4 ) ^ ll\'lly(R 1 + 4 )- (6.23) 

Proof. Due to the dyadic summation in the y norm, we can assume without loss of 
generality that y has dyadic frequency localization at frequency 2 k . Then the estimate 
for ||<9 t yj|yi < 1 is straightforward, while the L°° bound is a consequence of Bernstein’s 
inequality. 

To prove the bound for H^yH^s 1 , it suffices to verify the following two bounds for functions 
y at frequency 2 k : 

2‘IIQ<*+ioXlLi.l <||xll3>, (6-24) 

A 1 

2 fc ||Q>fc+ioy||x <||y||y. (6.25) 


Indeed, thanks to the spatial frequency localization y = P[fc_l^+ijy, it follows that H^yH^i 
is bounded by the sum of the left-hand sides of the preceding two inequalities. The first 
bound (16.241) is obtained as follows: 


2 fc ||Q<fc+i 0 y|| i,i ^ 

A i 


E ^rtWQixhi, 

j<k +10 


< E 23('-*)(25||x||i>J < Hxb- 

j<k +10 
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< 


y- 


The second bound (16.251) follows from the time regularity of y: 

2 fc ||Q> fc+ ioxk < 2^\\D X \\ Llx < 2^11^x11^ + 2t fe 

This completes the proof of (16.231) . □ 

In order to estimate the action of a gauge transformation y on the scalar held <f in the 
space S 1 it suffices to use the weaker norm y-. 

Lemma 6.10. For y 4 ,y 2 G y(^ 1+4 )? we have 

II X X lly(K 1 + 4 ) ~ II X lly(R 1 + 4 )ll^ lly(R 1 + 4 )- (6.26) 

Moreover, there exist functions Ti : [0, oo) —> [l,oo) and T 2 : [0, oo) 2 —> [l,oo), which 
grow at most polynomially, such that the following estimates hold for every y, y' G y(® 1+4 ) 
and G S' 1 (M 1+4 ): 

lle^lU 1 <r 1 (||y|| 5? )||^|U 1 , (6.27) 

\\e tx <t> - e**y||si <ri(||y||5j)||0 - <j >'\\ s i + r 2 (||y||5?, Ilx'lls?)Ilx - (6.28) 

Here, all norms are defined on the whole space-time R 1+4 . 


The proof of this lemma requires further knowledge of the space S 1 ; we will defer this 
proof until Section [71 

The following simple lemma will be useful for patching up local solutions which satisfy 
certain compatibility conditions; see Proposition 16.161 and the first two steps in Section 16.51 

Lemma 6.11. Let rj G 1? 1 2 ’“(R 1+4 ). Then for X = F 1 ,^ 1 ,^ or y, we have rjX C X. 
Furthermore, the following estimate holds: 

WvHx < Ihll .|, 2 ||xILy. (6.29) 

B i 

The proof of this lemma will also be deferred until Section [71 The lemma should be 

interpreted as saying that the space X is stable under multiplication by a smooth rapidly 

• 5 2 

decaying space-time cutoff r/. In this sense, the choice of the space Bfi is not essential; it is 
simply a convenient space with a scale-invariant norm in which 5(R 1+4 ) is dense. 


Remark 6.12. In order to apply this lemma in an open set O, we need to ensure that 

. 5 2 . £> 2 

r] G Bf’ (O), i.e., p is the restriction to O of an element in Bfi (R 1+4 ). A simple sufficient 
condition, which will be enough for almost all of our usage below, is if r) is smooth on O and 
O is a bounded open set with piecewise smooth boundary. 


We end this subsection with two lemmas, which will be useful for our proof below of the 
existence and continuous dependence statements of Theorem 16.11 The first lemma provides 
a criterion for a time-independent function y to belong to y[I] for a compact time interval 
/. The same will apply in sets of the form 0 = 1x0, with O C R 4 , open. 

Lemma 6.13. Let y G B^ n Bf.\(M. 4 ), and I be a compact time interval containing 0. 
Extend y to I x R 4 by imposing d t \ = 0 and y f{o} X R 4= X ■ Then y G y[I] and we have 


\\x\\y[i) < llxll 


Bz 


+ 1/ 


5 


X,1 


(6.30) 
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Proof. By scaling and translation we can assume that I = [0,1]. Due to the </} dyadic 

summation in the spaces B x f D Bff (R 4 ), we may assume that y has dyadic frequency 
localization, i.e., y — P[k-i,k+i]X for some k G Z. To prove the lemma, it suffices to show 
that there exists an extension y of y to R 1+4 such that y £ y(® 1+4 ), dtX = 0 on / x R 4 , 
X f{t=o}— X and satishes 


Wxhm ~ ll2dl^:?(R4) + ||xll B |, 2(R4) - 

Let 7] G C£°(R) be a smooth compactly supported function such that 7] 
X(t,x) = nt(t)x(x)i where 


(6.31) 


1 on I, and take 



2 k t) 

V(C~H) 


for k < 0, 
for k > 0. 


In Fourier space, fjk decays rapidly away from {|r| < C 1 min{2 fc , 1}}, ||'%||li < 1 and 
IlhfclU? < 25 min I fc ’°}. Combining these facts with the assumption that y — PkX is fre¬ 
quency localized, (16.31 jl follows for C sufficiently large (independent of k). □ 


The second lemma concerns solving a certain Poisson equation in y[I], which arises when 
we attempt to gauge transform the solution obtained by patching to the global Coulomb 
gauge. 


• -,2 — 

Lemma 6.14. Let I C R be a time interval. Let rj G Bf [/] and <f G y[I]. Consider the 
Poisson equation 

-Ay = rjAcj). 

The7i the following state7nents hold. 

(1) The right-hand side belongs to C t B x ’^, and therefore we may define y(f) for each tel 
unambiguously as the convolution of r]A(j)(t,x) with the Newton potential, i.e., 

3 f i 

x(t> x ) = T-2 i- ^v( t ,y) A< P(t,y)dy. 

4t r- J K 4 \x-y\ l 

(2) Moreover, x G (T[/] an d satisfies the estimate 



(6.32) 


The proof of Lemma [6.141 will be similar to that of Lemma [6.111 Hence it will be given in 
Section [7] as well. 


6.4. Patching compatible pairs. In this subsection, we present a technical tool that will 
be used to quantitatively patch together local solutions, which are given by the small energy 
theorem (Theorem ll.2p . to obtain a global solution with the desired properties. 

We now introduce the notion of compatible pairs. 

Definition 6.15 (Compatible C{Hf pairs). Let O C R 1+4 be an open set and Q = {Q a } be 
a finite covering of O. For each index a, consider a pair G C t 'H 1 (Q a ) of a real¬ 

valued 1-form and a C-valued function on Q a . We say that the pairs (H[ Q ], 0[ Q j) are 
compatible if for every a, fd there exists a gauge transformation X[ap\ £ C t G 2 Fl C® x (Q a D Qg) 
such that the following properties hold: 

(1) For every a, we have X[aa\ = 0. 
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(6.33) 


(2) For every ot,/3, we have 

A[p\ = A“1 ~ dX[a/3]> 0[/9] = e* X[a/31 0[ a ] Oil Q a fl Qp, 

(3) For every cp/3, 7 , the following cocycle condition is satished: 

X[a/9] d X[^ 7 ] d X[ 7 «] ^ 27tZ Oil Q a Fl Q /9 F (6.34) 

The main result of this subsection is Proposition 16.161 below, whose formulation and proof 
were motivated by the classical result of Uhlcnbeck [40] on weak compactness of connections 
with curvature bounded in L p . 

In order to state our result we need to specify the set O and the covering Q. For this, we 
begin with the partition 

R 4 = U a R a U R c 0 

given in Proposition 16.71 Taking / = [0,1] and r$ — 1, (which suffices by scaling), we define 

O = I x R 4 , Q 0 = I x Rq, Q a = I x 1.5-R a . 

The factor 1.5 above is what guarantees, in view of condition (4) in Proposition 16.71 that 
this covering is locally finite. 

We also consider a smaller, subordinated subcovering V = {P a } given by 
P a = I X 1.25 R a , P 0 = I X (1.001i? 0 ) C , O = U a Pa 

This is also locally finite. Using this notations we have: 

Proposition 6.16 (Patching compatible pairs). Let <p[a\) on Qa be compatible pairs 
associated to the above covering Q of O. Suppose furthermore that for every a, (3, the gauge 
transformation X[a/ 3 ] belongs to y(Q a F Qp) (defined in Section ROlh which embeds into 

c,g 2 nc^(Q c ,nQp. 

Let {Xj ofl j} be another collection of gauge transformations such that % G y(Q a F Qp) 

for every a, (3, and satisfies the cocycle condition 66.3411 . Assume moreover that {x[ a p\\ is 
C° close to {y. in the sense that 

SUP lx [a/9] - XV J < e **, (6-35) 

Q a rQ p PJ 

where e** > 0 is a universal constant to be specified below. 

Then there exists gauge transformations X[a] £ (V(P a ) on each P a , depending linearly on 
X[a/3] and X [a py which satisfy 

X[a] + X [a/9] + X[/3] = X[ a /9] 0n Pa^Pp. 

Moreover, X[a] °bey the following bounds with a universal implicit constant: 

sup ||X[a]b(P a ) < sup (||X[a/9]b(Q«nQ /3 ) + llXr a0] hiQ.nQp)) ■ (6.36) 

a a,/9 ' L HJ / 

Remark 6.17. The role of the C° closeness condition (16.35(1 is to remove the 27rZ ambiguity 
in the cocycle condition (16.3411 . More precisely, since both X[a/ 3 \ and Xr a/3 i satisfy (16. 34(1 . we 
have 

- X [a p } ) + (X[/97] - X[/9 7 ]) + (^[7«] - X[ 7 a]) G 2?rZ - 
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For a sufficiently small e** (say e** < ^), the C° closeness condition (j6.35j) then implies that 
the absolute value of the left-hand side is bounded by < 27 t; therefore, it follows that 

(XMl - X [a/3] ) + (xm - X m ) + (xh - X ha] ) = 0. (6.37) 

Proof. Our {Q a } covering is locally finite, so let N 0 = N 0 (d) (which we can take 4 4 in 
dimension d = 4) be so that each Q a intersects at most Nq neighbors. Then we define a 
reduction map 94 which decreases the cube size by a fixed factor, so that 9t N °(Q a ) = Pa for 
a ^ 0, with the obvious adjustment 94 _Ar °((3o) = Pq for a = 0. For uniformity of notation, 
we write 94Qo : = (^ _1 (Qo)) C ) so bliat 94 Ar °(5o = Po- 

Consider an enumeration of the elements in Q by positive integers 0,1,... ,K, in nonin¬ 
creasing order of size, where we take Q o to be the first element. We proceed by induction 
on this enumeration. 

For the induction step, suppose that we have constructed an open covering Q k -i = 
with P a C Q ayk _ { C Q a , O = U a Q a ,fc-i and gauge transforms X[a] on Qa,k -i 
with a — 1,... , k — 1 such that 

(1) Q a ,k -1 = 94 n ^ a,k >Q a where n(a, k) is between 0 and Nq, and is zero for a > k — 1, 

(2) -X[ Q ] + X[a/3] + X\3] = X [afj] for 1 < a, f3 < k - 1 provided Q a ,k-i n Qp,k-i + 0, 

(3) IIxhIUq^.P < X Q for 1 < a < k - 1, 
where 

X Q = sup (||X[a/3]||y(Q a nQ,3) + Wx, ag] \\y(Q a nQp))- 
Q a nQp 7^0 v 1 PJ J 

Define the open covering Q k so that Q a ,k = 94Qa,fe-i if a < k — 1 and Q a is a neighbor 
of Q k , and = Q a ,fe-i otherwise. We shall then construct a gauge transformation X[ fe ] 
on Qk,k = Qk such that the above properties hold with k — 1 replaced by k, where x\a\ for 
a < k — 1 are defined by simply restricting to Q a ,k Q Qa,k- 1 - From this statement, the 
proposition will follow by induction, starting with Q a 0 = Q a and X[o] — 0. 

We remark that the uniformity in the estimate (3) is due to the fact that our covering of 
O is locally finite, and also that Q is slowly varying. Indeed, it is obvious in the proof below 
that the construction in the induction step only involves Q k and its neighbors, whose side 
length is comparable to that of Q k . Thus, for each a the sets Q a)k are reduced in size only 
finitely many times, and the cutoff functions £[&] below can be taken to be uniformly smooth 
with respect to the scale of Q k - 

We now proceed with the proof of the induction step. We begin by defining X[k] on 
Qk 61 (U a<k—lQa,k—l) fo be 

X[k] = X[ka] + X[a] + X [ak] on Qk n Qa,k -1 if it is nonempty. (6.38) 

Observe that this definition is consistent on Q k D (kl a <k-iQ a ,k-i) thanks to property ([2]) in 
the induction hypothesis and the exact cocycle condition (j6.37|1 for X[aii] ~ X\ Moreover, 

by considering a partition of unity subordinate to {Q k D Q a ,k-i}a=i,...,k-i and using the 
induction hypothesis ([3]) and Lemma [6. Ill we can derive the estimate 

IIX[fe]||y(Q fc nQ a , fc ) ^c fe _! X k 
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(6.39) 








Now let Qfc] : O —> [0,1] be a smooth function that satisfies the following properties: 


C[fc] b On Qk \ lQa,k— l) ; 

C[fc] 1 On —1 Qa,k- 


(6.40) 

(6.41) 


We remark that such a ( exists because by construction the two sets Q k \ (U a <k-iQa,k-i) 
and U Q <fc_i Q a ,k are separated by a distance which is proportional to the size of Q k ■ This 
also allows us to choose the functions d[fc] uniformly smooth on Q k - 
Now we define 


X[k] ■ C[fc]X[fe] on Q k ,k Qk- (6.42) 

Note that Properties ([I]) and ([2]) are immediately consequences of the construction. 

For the property (iii), we observe that £[*,] \Q k can be extended as an element in C'“(M 1+4 ) C 

+4 ). Thus Property (J3J) follows from Lemma 16.111 (in particular, stability of y by 

cutoffs in Bi’ 2 ), Lemma 16.111 (16.381) . (16.3911 and (16.421) . □ 


• 5 o 
Pf 


6.5. Proof of existence and continuous dependence. Using the tools developed in 
the previous subsections, we are ready to prove the existence and continuous dependence 
statements of Theorem 16.11 In what follows, we will often use the shorthand £ := £{a, e, /, g]. 

Step 0. Preliminaries. Let ( a,e,f,g ) be an T-i 1 initial data set satisfying the global 
Coulomb condition d l d£ = 0 and £[a, e, /, g] < E. It suffices to assume r c [a, e, /, g] < oo, 
since otherwise the small data result (Theorem II.2|) is applicable. By scaling, we may take 

r c [a,e,f,g\ = 1. (6.43) 


By time reversal symmetry, it suffices to restrict to t > 0 and consider the unit time interval 
/ = [0,1]. Let {i?g} U {.Rq,} be the covering of K 4 introduced in Section 1(01 such that the 
local small energy condition (I6.15P holds. 

In what follows, we will construct a local-in-time solution (A,(p) in /xR 4 , which obeys 
the S 1 a-priori regularity property (16.41) . Moreover, we will show that our construction below 
also has the following two properties: 

• Continuous dependence: the data-to-solution map is continuous as follows: 

^(R 4 ) 3 (a, e, /, g) -> {A 0 ,A x ,<f)) e Y l (I x R 4 ) x S\l x R 4 ) x S\l x R 4 ). 


• Regularity: If in addition ( a,e,f,g ) G "H^R 4 ) then the solution (d, 0) belongs to 
C' t 00 'H 00 (R 4 ). 

Theorem 16.II will then follow by combining these statements with the uniqueness statement 
proved in Section [6711 


Step 1. Construction of local Coulomb solutions. The goal of this step is to show 
that corresponding to the Q = {Q a } covering of I x R 4 , introduced in Section l(Pl we can 
produce a compatible local solution (A[ q j, 4>[ a ]) on each Q a , each of which is the restriction of 
a small energy global Coulomb solution to (IMKCD given by Theorem 11.21 We will in effect 
construct these solutions on the larger sets / x 3 R a , and then simply restrict them to Q a . 


Claim 1. The following hold for each Coulomb initial data ( a,e,f,g ) satisfying (16.151) : 
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(1) On each set / x 3 R a there exists an admissible x 3 R a ) solution (A[ a ], </>[ a ]) 

and a gauge transformation y G Q 2 (3R a ) that satisfy the Coulomb gauge condition 

d £ A[ a ji = 0 on / x 3 R a , (6.44) 

and the initial condition 

(A [a]j , F [a]0j , B [a]t c/) [a] ) = (a, - djX [a] ,ej, e-M/, e-Wg) on 3 R a . (6.45) 

Moreover, A [a]x ,(j) [a] G 5 4 (/ x 3Z? a ), A [q]0 G F'(/ x 3 R a ) depend continuously on the 
initial data in "H 1 , and we have the smallness bound 

||^[a]o||y 1 (/x3R a ) + 11^[a]a;11S 1 (/x 3R a ) + ||0[a] ||si(7x3R Q ) ~ e *, (6.46) 

(2) Extend y to / x 3i? a by requiring <9 t y^ = 0; abusing the notation slightly, we shall 
denote the extension by y .y Then 

Ay =0 on I x 3 R a . (6.47) 

Moreover, y G y (/ x 3i? Q ), depending continuously on the initial data, and obeys 
the estimate 

IIX[ Q ]llyCx3i? a ) <e 1, (6.48) 

(3) For every a and f3, there exists X[ap\ G (V(Z x (3 R a fl 3 Rp)) that connects (A[ Q ], 4>[ a ]) 
and (A^j, 0^]) in the sense of Definition 16.151 and satisfies 

Ay^ = 0 on / x (3 R a n 3 R p ). (6.49) 

Moreover, X[ap\ depends continuously on the initial data and obeys the estimate 

11 X [a/9] 1 1 y (7 x (3i? a 03^3)) 1 (6.50) 

Finally, the following C° closeness condition holds: 

sup |x[a/3] - (Xr Qli - XrJI < £**, (6-51) 

Ix3R a nQ p —1 J ~ lPl 

where e** > 0 is the universal small constant that appeared in Proposition 16.161 

(4) Higher regularity: if in addition (a, e, /, g ) G "H 00 , then for each a, f3 we have 

{A [a] A[a]) G X 3 R a ), y [Q] G Q°°(I x 3i? a ), y M G ^“(Z x (3i? a D 3^)). 

We proceed to the proof of this claim. 

Step 1.1. Construction of (A[ Q ], 0[ Q j) and y for a > 1. Our starting point here is 

the estimate (16.1511 . We insert a ball 3 R a C B C 2£> C 18i? a , which has radius r a « £(R a ). 
Applying Proposition 14.11 with ay = 4/3 and (x 0 = 2 to (a, e,/, (?) with respect to the ball 
B , we obtain an initial data set (a[ a ], e) a ], /[„],)?[«]) G "H^M 4 ), depending continuously on 
(a, e, /, (?) in "H 1 , such that we have the matching condition 

(U[q.] , ^-[a] , f [a], i?[a]) (*b O f, (?) Oil 477 q, 


and small energy 


(6.52) 










However, our small localized data (ei[ a ], e[ Q ], f[ a ], g[ a ]) is no longer in the Coulomb gauge. To 
rectify this we use a gauge transformation defined by 

X [a] : = -(-A y l tfa {a] z, 

where (—A) -1 on the right-hand side is defined as convolution with the Newtonian potential. 
In general, this expression may not be uniquely determined if we only knew d e a< a V e L l- 
However, note that we have the support condition 

supp(<9^a[ a y) C 9 R a \ 4 R a , (6.54) 

since a = 0 outside 9 R a . It follows that d e a[ a y G L\ D L^(M 4 ) and therefore the right-hand 
side is well-defined. The gauge transformed data set 


(“[a]) 6 [a], f[a]:9[a\) ■= («[«] “ d W , e[ Q ] , e “H f[ a ] , e ~ [a] g[ a ]) , 


(6.55) 


is a small energy 'H 1 (R 4 ) Coulomb initial data set; hence Theorem 11.21 is applicable. Let 
(H[ q ], 0[ a j) be the unique global small energy Coulomb solution to (IMKGI) given by Theorem 
11.21 By construction, (16.44P and (I6.45P hold; moreover, (I6.46P and the continuous dependence 
property are consequences of Theorem 11.21 

We now verify (16.47P and (I6.48P for % . Indeed, by the support condition (I6.54p we 
directly get (I6.47L as well as the uniform bounds 


11^° 


Xr„il|L«>(3.5fl a ) r a N \\tfa[ a ]t \\ L 2 <r a N E 2 


for every IV > 0. 


By Lemma [6.131 fsee also Remark [6. 121) this directly leads to (I6.48P . The continuous depen¬ 
dence similarly follows. 


Step 1.3. Construction of (A[ a ],0[ a ]) and % for a — 0. Again we start with (16 . 15p 

but with o = 0. This time we insert the ball j$Ro C B C 2 B C which has radius 
r 0 ~ i(Ro), and apply Proposition 14.21 with a\ — | and a 0 = 2. We obtain an initial data 
set (a[o],e[o],/[ 0 ],<7[o]) G "H^M 4 ) such that 

(n[o]> e [0] , f[o],g[o]) ={a,e,f,g) on ( \R 0 ) C , (6.56) 

^[o[o],e[ 0 ],f[o\,g[o]\ <e*, (6.57) 

where the last line follows from (14.41) and our choice of i?o- As before, we define 

X [0] : = _ ( _ A) _1 d £ a [0 ]£, 

which is unambiguously defined due to the support condition 

supp(<9 £ a[o]£) C 1.5 B \ B (6.58) 

as a[o] = a on (1.5 B) c is divergence-free. Again the gauge corrected data 

(o[o],e[ 0 ],/[o],<?[o]) := («[o] - d X [0] , Ho], e - [ °i /f 0] , e-Wg [0] ) (6.59) 

is an 'H 1 (M 4 ) Coulomb initial data set with energy <C e*. Hence we can apply Theorem 11.21 
to define (A[ 0 ], </>[oj) as the unique global small energy Coulomb solution to (IMKCp given by 
Theorem 11.21 Then (16.44p . (I6.45p . (16.461) as well as the the continuous dependence property 
and the regularity property follow easily from construction. 
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As (I6.47P is a direct consequence of (16.58]) . it remains to establish the bound (j6.48[) for 
Using again the support condition (I6.58P and the decay of the Newton potential we 
obtain 

I^Afo]^)! ~ r o N ( 1 + r o 1 \ x \y 2E ^ N>0, xe(2B) c 

which suffices for (I6.48P . 

Step 1.4. Properties of X[a($\- We now proceed to prove Statement (]3p . The existence 
of X[af)} will be a consequence of Proposition 15.21 (local geometric uniqueness); the estimate 
(I6.50P and the corresponding continuous dependence, on the other hand, will follow from the 
global Coulomb condition satisfied by each solution (A[ a j, 0[ Q ]). 

In what follows, we explain the details in the case a,/3 ^ 0; the case a = 0 is handled 
by an obvious modification. By construction, the initial data for (A[ a ],0[ Q j) and {A[p 
are gauge equivalent on 3 R a fl 3 Rp, with the gauge transformation given by x — x . By 
scaling, each of these cubes has side length larger than 1, so their domains of dependence 
satisfy 

/ x (2 R a n 2 Rp) C V + (3R a ) n £> + (3 Rp) 

Hence, Proposition 15. 21 shows that the two solutions are gauge equivalent in / x (2R a C\2Rp). 
We denote by X[ap\ £ C t G 2 (I x (2 R a D 2 Rp)) the transition map. A-priori this is only 
determined modulo 27r, but this ambiguity is easily fixed by requiring that 

X[ ai 3 ] = X [a] - X m on {0} x (2 R a n 2Rp). 

Moreover, this satisfies 

Ax[ a jj] =0 on I x (2 R a n 2 Rp), (6.60) 

thanks to the fact that A X[ap\ — ^ A^ — A^ = 0. Therefore, by the mean value property 
of harmonic functions, 

X[ a p](t,x) = I X[afl{t,x ~ y)r~ A cp(y/r a ) d y for (t,x) e Q a n Qp, (6.61) 

where we recall that p is a smooth radial function on M 4 with f p = 1 and supp p C {|x| < 1}. 
Here we have also used the fact that r a ~ rp, and that an 0(r a ) spatial neighborhood of 
Qa^Qp is contained in / x (2 R a D 2 Rp). 

It remains to prove (16 .50p and (16.5 ip . We begin with the following bounds for d t X[ a p\ and 
9tX.[ap] : Differentiating (16.611) (in t,x), using Holder’s inequality and recalling the identity 
d,.,X\ap] = A [a]fl - A { p ]fl , we have for N > 0 

\\di N) dt, X X[aP]\\L™.(Q a nQf 3 ) ^iV^a 1_JV ||A[ a ] - A\p\ \\L°° L *(Ix( 2 R ol n 2 R l3 )) < r ~ 1 N £*, (6.62) 

{Q a rQp) ^Nr~ 2 ~ N \\d t A[ a ] Q - dtAyp^\\ L ^ L 2 ^ Ix{ 2 R a mRp)) < r~ 2 ~ N e *. (6.63) 

Taking IV = 0 and integrating (16.621) . the C° closeness statement (16.511) follows. Moreover, 
we have 

WxiaPlWL^QanQp) ^ e* + ||X[ a] l|is°(i.5fla) + 11x^1 \l*>(i. 5R p ) <e 1 (6.64) 

thanks to (I6.48p . Finally, observe that Q a D Qp is pre-compact for any pair a , /3 such that 
a ^ (3, since there is only one unbounded element in Q, namely Q 0 . From the bounds (I6.62p . 
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(I6.63P and (16.6411 . and the fact that Q a D Qp is pre-compact, we may easily construct an 
extension X[ap\ of X[a.p\ such that 

IIX[a/3]lly(R 1+4 ) ~E 1 (6.65) 

Finally, we note that X[ad\ constructed above depend continuously on (A[ a ],0[ Q j) and thus 
on the initial data (a, e, /, g ) in 'H 1 . 

Step 1.5. Completion of proof of Claim [1} Restricting [A^ a ], 0[ Q ]) and x to Q a , and 

X[ap] to Q a D Qp, Statements (flj)—(J3J) follow from the previous steps. On the other hand, 
Statement [4] (persistence of regularity) can be quickly read off from the above construction, 
using the corresponding statements in Propositions 14.1114.21 and Theorem 11.21 We omit the 
details. 

Step 2. Construction of global almost Coulomb solution. We now construct a global 
solution (A',(j)) on /xR 4 such that A' x ,4>' e 5 1 [I] and A’ Q 6 Y ] [I] by patching together 
the compatible pairs obtained in the previous step. This solution will not satisfy the global 
Coulomb condition (16. 3 j) in general. Nevertheless, it will have the redeeming feature that the 
spatial divergence d £ A' e obeys an improved bound compared to a general derivative of a A'. 
This feature will be a consequence of the fact that (A(j)') will be constructed by patching 
together local Coulomb solutions {A^, (p\ a ])- 

The above statements are made precise in the following claim. 

Claim 2. For any initial data ( a,e,f,g) of energy at most E, with r c > 1 and satisfying 
(I6.15P there exists an admissible CYH 1 solution (A',(/>') to (IMKGp on /xl 4 such that the 
following statements hold. 

(1) The data for [A', (j)') on {t = 0} coincide with ( a,e,f,g ), i.e., 

(Aj, Fqj, </>', D(</>') fp= 0 }= (aj, ej, /, g). (6.66) 

(2) The solution (A 1 , cp') satisfies A' x , <p' 6 5' 1 [/], A' 0 e Y 1 ^], depends continuously on the 
initial data, and obeys 

ll^ollvhd + ll^xIUh-d + ll^llshd ~e,k 1 (6.67) 

where K is the total number of cubes in the set {R a } constructed in Section 16.21 In 
our case, K < (r 0 /r c ) 4 . 

(3) The spatial divergence of A' satisfies d e A' f 6 C' f °R^(/ x R 4 ). Therefore, the convo¬ 
lution with the Newtonian potential 

X '■= -(-A)" 1 ^ = d £ A' £ (t,y) d y 

is unambiguously defined and belongs to C^B 2 ^ C C 4) x . Moreover, it satishes the 
additional estimates 

Wxh[i\ ^e,k 1 ( 6 . 68 ) 

H^zXlUq/] ^e,k 1 (6.69) 

®The only reason for this requirement is to ensure a uniform construction of (A', (/)'), which guarantees its 
continuous dependence on the initial data. 
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(4) If additionally (a, e, /, g) € "H 00 , then we have 

(A', 0') e C?W°{I x R 4 ) and y e C™g°°(I x R 4 ). 


To prove the claim, we begin by applying Proposition 16.161 to the covering Q of / x R 4 , the 
compatible pairs ( A [ a ], 0[ Q j) and the gauge transformations X\ap\ and y := y — y^ ; note 

that the C° closeness condition has been established in (16.511) . Then for the sub-covering 
V = {P a }, we obtain gauge transformations X[a] G y(P a ) such that 

IIX[a]||y(P Q ) ISe 1 (6.70) 

X[a0] = X[a] + X [a] - xm - X m ■ (6.71) 

This identity motivates the following definition of the desired global solution (A', eft'). Let 
r) a be a smooth partition of unity adapted to the covering {P a }- Since V is a locally finite 
covering where intersecting cubes have comparable sizes, we can choose this partition of 
unity so that the rj^s are uniformly smooth on the scale of their respective cubes. We define 
the global solution (W, 0 ') as follows: 


A n '■ — } Vot ( A [ Q ] h x [q] ^X[ q ] ) j 

Q 

0' :=5^77 a e* (x[o,1+2£ w ) 0[ a ]. 


(6.72) 


Such a dehnition makes sense, since (16.711) implies that on every P a n Pp ^ 0, we have 

A [ot]li ~ 9nX[a] ~ ^X[ Q ] —^[/3]m — ®vX\P\ ~ ®l*X\py (6.73) 

e hXH+X w ) 0 [Q] =e i{x [P ]+X m ) ^ ( 6 . 74 ) 

• -,2 

For every a y 0, r) a e B*’ (P a ) since r} a is smooth and P a is pre-compact. On the other 

. 5 2 _,_,,_, „_ t 

hand for a = 0 we have 1 — r / 0 G B?’ (P 0 )- By Lemmas 16.9116.10116.Ill and estimates (I6.46|) . 
(16.481) . (16.701) . we have 


\\Va( A [a]0 - d t X[a\ - dtX [a] )\\Yl[I] <E 1 
||^o(^4[a].T — d X X[a\ — ^ x X_\p^ 11 S' 1 [P] iS-pl 

\\Vae iXla]+lla] U[a]\\si[I} 

Adding up the preceding estimates, (16.671) follows. The continuous dependence on the initial 
data and the persistence of regularity also follow directly from our construction. 

It remains to establish Statement (ED and the bounds (I6.68p . (j6.69j) . This part depends 
crucially on the special cancellation that occurs only for d e A}. Indeed, thanks to (16.4411 . 
(16.471) and (j6.73j) on each P a 0 Pp ^ 0, we have 


& A i = & ^ A W ~ dp AVA ~ dp X [a] ) = ~ Va^Xla], 

a cx 

- A ’e) = -J2va^(x [a] - X[a])- 

a 

Equipped with these formulae, we are ready to establish (16.681) and (16.691) . Since rj a extends 

. 5. 2 ^ 

naturally to By (I x R 4 ) and X[a\ £ y[I] Q (V[/], we are in position to apply Lemma [6.141 to 
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each summand rj a Ax[ a ]- Then (16.68p follows. To estimate the S 1 [/] norm of (—A) 1 djd £ A' e , 
simply observe that 

||(-A) -1 <9 ? -<9^|| 5 i[7] < ||^||si[j] < E>K 1 

Thus (16.691) follows. 

Step 3. Gauge transformation to Coulomb solution. In this final step of the proof 
of existence and continuous dependence, we perform a gauge transformation to (A', 0') in 
order to impose the global Coulomb condition d £ Ag = 0. The gauge transformation cannot 
be put directly into y[I], but this difficulty can be circumvented using the elliptic equations 
of (IMKGp in the global Coulomb gauge. 

From the previous step, recall the definition 

X = -(-A Y l d l A' t on / x R 4 , 

where the first term on the right-hand side is defined as in Statement (J3J) in Claim [2l As 
d £ A[ fp =0 }= 0, it follows that 

X\{t= o}=0. (6.75) 

Directly taking the d t derivative of x twice and using the fact that (A', 0') satisfies (1MKGI) , 
we see that d t x and d 2 x are given by 

dtx = - (-A r'dfdtA', = -(-A)- 1 (ln#'D'?] + A^), 

Six = - (-A)- 1 (fta‘F« + d,A' 0 ) = -(-A)- 1 (fi'lm[0'Djy] + A8 t A'„). 

Since 0', A' 0 E C' t °i7 4 and D' t x (j)', d t A' 0 E C°L 2 , we have Im[0 / D( a ,0'] E C^H~ l . Therefore, 
(—A) _1 Im[0'Dj0] and (—A) _1 9 £ Im[0 / D^0] are well-defined as convolution with the New¬ 
tonian potential. By the non-existence of non-trivial entire harmonic functions in L 2 and 
H x CL 4 , it follows that 

d lX = - Ar'lrnloDy 7 ] + A’ 0 € ("III (6.76) 

Six = - (-A)- 1 a'lm[^Djy] + d,A' 0 e <? t L\. (6.77) 

Let (A, 0) be defined by applying the gauge transformation x to (A', 0'), i.e., 

(A,0) = (A'-dx,eV)- 

By (16.751) . we have 

(Aj, F 0j , 4 >, D t <j>) tt= 0 = (A', Fqj, 0', D ' t <j>') \ t=0 = (a,, e j; /, g). 

Furthermore, thanks to the equation Ax = d £ A'^ it follows that ( A , 0) satisfies the global 
Coulomb condition (16.31) on I x R 4 . By (16.681) . (16.69p . (16.761) . (16.771) and Lemma 16.101 we 
have A 0 E Y l [I } and A z ,0 E S' 1 [/] with 

HAjllvq/] + H^IUq/] + IHIsqq ^ e,k 1 

Combining these statements, we conclude that (A, 0) is an admissible CtH 1 solution to 
(IMKGI) in the global Coulomb gauge on I x R 4 with the initial data ( a,e,f,g ), which 
satisfies the conditions in Theorem 16.11 Further, from the previous step, it follows that 
(A, 0) is uniformly approximated by "H 00 solutions, thereby finishing the proof of Theorem 
O We conclude the proof with two remarks: 
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Remark 6.18. Our construction yields a solution operator that depends continuously on the 
initial data for a class of "H 1 data which satisfy the uniform bounds (16.151) . However the final 
result does not depend on the choice of the partition {i? a }. 

Remark 6.19. Our proof gives an a-priori bound on the S 1 norm of ( A x ,(j )) (as well as 
the Y 1 norm of A 0 ) of the form < (HjAc) 4 Ce, where the dependence on the energy E of 
Ce is polynomial. By comparison with the gauge-free nonlinear wave equation, one would 
conjecture that the bound should be independent of r 0 /r c , and that Ce ~ E 1 ^ 2 + E by (|6.7|) . 
However, our present argument is very far from that. 


7. Proof of gauge transformation and cutoff estimates 

The purpose of this section is to provide proofs of Lemmas 16.10116-lTl and lHTm which were 
used in Section [0] in the proof of Theorem 16.11 In Section 17.11 we recall some properties of 
the space S 1 needed for establishing these statements. In Section 17.21 we give a proof of 
Lemma [6. 101 concerning gauge transformation with y £ y. Finally, in Section 17731 we prove 
Lemmas 16.111 and 16.141 

In this section, when we omit writing the domain on which a norm is defined, it is to 
be understood that the norm is defined globally on R 1+4 . All functions considered in this 
section will be assumed to be d>(M 1+4 ), unless otherwise stated. Furthermore, we will follow 
the common abuse of terminology and refer to semi-norms as simply norms. 


of S 1 . We recall the structure of the S 1 norm from [15]. The S 1 
also Remark 16.81) 

IMD :=(E 11^^111^ +Mb 

k 

The X_ norm was defined in (j6. 19[) . For every k E Z, we define the S'*. norm as 

IMk : = IMUf + IMLo.i + |M| 5 ang 

^oo 

0 ? 1 

where the X^ 2 norm was defined in (I6.17j) . (I6.18h . and we define 


7.1. Further structure 

norm takes the form (see 


IMIsjp : = SU P 2 l+r 2 |M| L?is , IMIs-s := sup y\\s™s , 

ta,r):|+fi<| *<0 

IMIs“/ := ( 5Z W p e’Q<k+ 2 M\s%{e)) 2 , where ^ = r^l- 


The preceding square sum runs over := {cd} consisting of finitely overlapping covering of 
8 3 by caps to of diameter 2 £ , and the symbols of the multipliers Pf form a smooth partition 
of unity associated to this covering. The angular sector norm S%(£) contains the square- 
summed L 2 Ly norm with gain in the radial dimension in Fourier space (essentially as in |l6j ) 
and the null frame space (first introduced in the wave map context [37, [30]). Fortunately, 
for most of our argument, we need not use the fine structure of this norm. Hence we omit 
the precise definition, and refer the reader to [[151 Eq. (8)]. The following stability property 
for S^ g - o is our only necessity. 
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\ P ko( S <jo~30V Pk 2 V)\\sl n o s jo % 


Lemma 7.1. Let ko,jo, k 2 E Z be such that jo < k 0 . Then for r},<p E Hfx( R 1+4 ), we have 

M^lk (7- 1 ) 

Moreover, the left-hand side is vacuous unless k 2 E [k 0 — 5, k 0 + 5]. 

Proof. This lemma is essentially [30] Section 16:Case 2(b).3.(b).2(b)] and [38, Lemma 9.1]. 
We sketch the proof, following the notation in [THJ Section 3]. 

We may assume that k 2 G [k 0 — 5, fc 0 + 5], as the left-hand side is clearly vacuous otherwise. 

Moreover, using the embedding Xf 2 C S^ 0 , the case j 0 < k 0 — C for any constant C > 0 
is easy to handle. Hence we may assume that jo < ko — 20, and in particular j 0 < k 2 . 

Let £ 0 = r jo ~ feo l and fix u G Qy,. Thanks to the small space-time Fourier support of 
S<josoV, we have 

Pk 0 P£ 0 Q<ko+2e o (S<jo-30VPk2 l P) 

PkoPi 0 Q <fco+ 2 £o {^<jo~30V ^ ^ §Q<k 2 + 2 Po+ 10 T 


uj'Guj 


where we sum over caps u / G H 4-5 such that u / C c 0 . Similarly, given a radially directed 
rectangular block C fc (f) C {2 fc ° -5 < |£| < 2 ko+5 } of dimensions 2 k x ( y 2 k+e ) 3 with k < k 0 , 
£ < 0 and k + £ > k 0 + 2 £ 0 , we have 


Pc k (e)Pk 0 Pe 0 Q <k 0 + 2 i{S <j 0 -ooV Pk 2 p) 

=Pc k (e)PkoP£ 0 Q<k 0 +2eo{S<jo-3oV ^ Y" Pc 


C'kWPfaPi o—5 


u'Cu CM) 


where u / is summed over the same set and we sum over C' k {£ ) which is either equal to or 
adjacent to Ck{£). The projections Pc k {e), Pc' k (t) an d Pk 0 Pi 0 Q <k 0 + 2 i are disposable (i.e., has 
a Schwarz kernel of L] x norm < 1), hence they are bounded in all functions spaces under 


consideration. Moreover, from the definitions in [18] Section 3], it is clear that 

IMIv < 


u t,x 


for X = S k \ L\Lff , NE, and PWfj(£). Moreover, for every sign ± and cap oj' G H£ 0 _ 5 with 
o' C co, we have 


pwf(e 0 ) ^ 


Recalling the definition of the Sf(£) norm 
11 Pk 0 Pi Q<k+ 21 ( S< j 0 .- 30 r] Pk 2 P) 115“ o (to) < 


PWfM o-5)- 
Eq. ( 8 )], we see that 

L t?x ll-ffc2-^ > 4-5Q<fc2+24+io ( / 9 lls“ , (4-5)' 


uj'duj 


We square sum this bound in oj G f^ 0 . Note that if we replace Q<fc 2 + 2 £ 0 +io by Q<fc 2 + 2 r 0 -io, 
then the last factor is controlled by the | 2+£o _ 5 norm of P fc2 <^. For the resulting error, we 

use the embedding X ^’ 2 C Sf' (£) and estimate 


\\P k PtQk+u 


—C<-<k+2l+CH 


's?\e) 


"XC \\PkQk+2£-C<-<k+2£+CP\\ o,i \\PkV\\ o,i j 

2 2 


Xj 


and apply this inequality to k = k 2 , £ = £ 0 — 5 and C = 10. The lemma follows. 
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7.2. Gauge transformation estimate. Here we establish Lemma f6. 101 This is carried out 
in two steps. The first one deals with the algebra type property for the space Jh 


Lemma 7.2. The space y is an algebra, 

HxVlIy b Ilx 1 ||y||x 2 ||y, 

Further, for any F of class C 6 (M) with F( 0) = 0 we have the Moser type estimate 


ll^(x)lly^(llxb + M|)(i + 


y 


Ih 


4 1 


(7.2) 

(7.3) 


Proof. The main step of the proof is to establish the result for a component of the y norm, 
namely the FL^H 2 norm. We begin with a simple observation, namely that by Bernstein’s 
inequality we have 

llxlk t ~ ~ WxW^L^Hi 

This is the only place where the i 1 summation is used. The bound (17.2ft for the FL’pH 2 
norm is now an application of the standard Littlewood-Paley trichotomy, which in effect 
yields the stronger bound 

11* X lb l°°h% b ||X Ibz.f’.HjIlx \\l™. + II X IU t « llx 

A similar bound can be proved for the Y 2,2 norm in an analogous manner. 

To estimate F(x) we use a continuous Littlewood-Paley theory decomposition, 


1 = 


P k d k, 


P<3 = 


P k dk 


where y is a continuous dyadic frequency parameter. See e.g. 
Representing x as 

/ OO 

PkX dk, 

-oo 

for F(x) we have the similar representation 

poo 

F(x) = F( 0)+ / F\P <kX )PkXdk 


for a similar argument. 


which is easily seen to converge in U]° x . Now it suffices to estimate the nonlinear term in 

T CO 

\\d?F\P <k x)\\ L ~ < 2~ Nk (l + Hxlli- ), N = 0,1, 2, 3. 

Then the integrand satisfies the bound 

\\^F\P <tX )PkX\\LrLi < 2< 2 - A '» t ||Prtl| 1 «ft! 

After dyadic integration in k this yields the bound 

\\F(x)\\jcil%°h% ~ llxll^A^l + Hxllioo) (7-4) 

which is the PL’pH 2 counterpart of (17.31b 

To also estimate the Y 2,2 norm of F(x) we differentiate twice, 

d lt F (x) = dl,tXF\x) + d x ,tXd x ,tXF"(x) 
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(7.5) 







We need to estimate the terms on the right in L 2 H £. We have the Bernstein type bounds 


|F'( X )-F'(0)|| 


L^nLfW 1 ’ 4 ~ \\F(X)\\ 




and similarly for F"(x), where the norm on the right is further estimated as in (17.4[) . Also 

. 1 

we control d 2 t x in L\H £, as well as 


W- < 


— 4 rty H^tXll 


1 

2 

L 2 t H? 


ffence for the first term on the right in (17.5j) it remains to establish the bound 


WfGh 


< 


WfWiZH-WGl 


1 

s = -. 
2 


But this follows by interpolation from the s = 0 and s = 1 cases, which are straightforward. 
Similarly, for the second term on the right in (17.5ft we need to establish the bound 


11/1/’%* ll/'IWJ-IIAIUj-ll°ll 

which is again a simple exercise which is left for the reader. 




□ 


The second step deals with the stability of the S 1 space with respect to multiplication 
by y. Before we state it, we begin with a dyadic decomposition of the Y n ’ 2 norms which 
will be used repeatedly in the sequel. Precisely, for N = 0,1,2,..., the following square 
summability estimate holds: 

+ (y^( 2jVfc + ^ Nj ) 2 \\PkTjX\\YQ,^] <l|xlto 2 - (7-6) 

i k,j 

We have: 


Lemma 7.3. The following estimate holds: 

IMIs 1 ^ HxIlylMIsi- (7-7) 

Proof. We begin by splitting 

XT = Pk 0 Q<k 0 + 25 to) + p k 0 Q>k 0 +2s{XT>) (7.8) 

ko ko 


Step 1. Contribution of J2k 0 p k 0 Q<k 0 +2^{xT)- I 11 this step, we will show 

II E^feototolls 1 < ||x||y 2 ' 2 nL^.IMIs 1 - (7-9) 

ko 

We need different arguments for different parts of the S 1 norm. The common strategy, 
however, is to divide into two cases, one in which y has a high space-time frequency and the 
other in which y has very low space-time frequency. 

In the former case, we will rely on the following simple lemma: 

Lemma 7.4. Let jo A ko + 30. 
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(7.10) 


(1) For £ > ko — 5 , we have 

i^WP^QjStxP^hi, 
<2iU»-*<.)2K t "- , >2il‘>-')(2 2! ||Sa||y».»)(2‘ 1 ||P i ^|| Sla ), 

and the left-hand side of (17.11ft is vacuous unless k 2 < £ + 10. 

(2) If £ < ko — 5 , we have instead 

2‘"2i*|| P t0 Q i0 (S,X PhtfWij, < 2^ 0 -< ) (2«||5«|| w )(2‘>||P faV || Sla ). (7.11) 

Moreover, the left-hand side of (17.lip is vacuous unless k 2 € [k 0 — 5, k 0 + 5]. 

Proof. The claims regarding the range of k 2 are clear. We estimate the left-hand side of 
<ZM by 


<2‘»2^||S,xll.,.«l|P»^ll 


Li L i. 


LrLi 


< 2 i(fe-^23M 2 A! o- i (2 2/ ||5^||y 0 . 2 )(2 fca ||P fc2 ^||s fc2 ). 


For (17.11ft . we estimate 


< 


2*“2**||S / xlb«.|l^k-« <2’ 0o - <) (2 2 '||S«||yo, a )(2 fa ||P teV || Sto ). 


□ 


We now proceed to treat each constituent of the S 1 norm. 

Case 1.1. Sf r part of S 1 . Here we prove 

f T. 2 2k ° |[P fco Q< fco+25 (x^) |||str) < ||x||y 2 , 2 nL c« ll^llsi . (7-12) 

k 0 

We split the summand on the left-hand side as follows: 

2 fco ||-Pfc 0 <5<feo+25(x < / :, )||s= t o r ^ 2 k °\\P ko Q< ko+25 (S iX v)\\s% 

e>k 0 -5 ° (7.13) 

+ 2 k0 \\Pk 0 Q<ko+25(S<k 0 -5XF)\\s s f* ■ 

KQ 

0 — 

For the first term on the right-hand side, we use the embedding P ko (Xf 2 ) C S k f and 
Lemma 17.41 to estimate 

< E E 

£>ko—5 jo<ko+25 

< E E E 2i<*-‘»>2f‘»-'»2J< l »-')(2 2 '||S t x|| w )(2 b ||P b »>|t Sia ) 

e>k 0 - 5 jo<k 0 +25 k 2 <t+ 10 

<IMU> E 2!<*»-'>2 2 '||S«|| w 

i>ko—5 

which is square summable in k 0l thanks to (17.6ft . 

For the second term in (17.13ft . we can freely replace ip by P[ ko -5,k 0 +5]F- Then removing 
Pk 0 Q<k 0 + 25 , which is disposable, and using Holder with S< ko - 5 X G LTxi we see that 

2 fc ° \\Pk 0 Q<k 0+ 2 5 (S<k 0 - 5 XV) lls^ ~ E \\x\\L~2^\\P,M\s t -. 

k 2 &\ko— 5,feo+5] 


which is acceptable. 
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(7.14) 


Case 1.2. A"^, 2 part of S 1 . We prove 

(Y, 2 * k °\\ P *°Q<^(Xr)\\ 2 Mi y 

' , Aoo / 


~ ||x||y 2 . 2 nL“ IMIs 1 ■ 


The summand on the left-hand side is bounded by 

sup 2 ko 2^°\\P ko Q jo (x(p)\\ L 2 < sup 2 k ° Y 2^°||P Jfco g j o(5 , ^)||^ 

j 0 <k 0 +25 ' j 0 <k 0 +25 e^-5 


+ sup 2 k ° Y ^ j0 \\Pk 0 Q j0 ( s a^)\\Ll x (7.15) 

jo<fc°+ 2 5 e£[jo _ 30ko _ 5] 

+ sup 2 ko 2^ 0 \\P ko Q jo (S< jo _ 30 XV)\\L? x 

jo<k 0 +25 

Let jo < ko + 25. Using Lemma [7.41 and proceeding as in Case 1.1, the first term can be 
bounded by 


2‘” A 2**||P fc ,Q*(S* W >)l| I j, 

t>k,Q— 5 

~ E E 2iLo-M 2 f(feo^)2l(fc 2 ^)( 2 2^||^ x || y0i2 )(2^||p fc2(/? || 5fc2 ) 

e>k 0 -5 k 2 <i +10 

< 2 i("-‘»>IM| sl V 2§(‘»-')2“||Sa|| w , 

£>ko~ 5 


which is t 2 summable in k 0 thanks to (17.61) . 

For the second term in (17.151) . we can replace <p by -P[fc 0 - 5 ,fc 0 - 5 ]<£>. Then we estimate 

2‘- V 2i*||P fe Qj„(Sav)lliJ, 

ee[j 0 -30,k 0 -5] 

< E E 2 i«o-' ) ( 2 2 '||S«|| r » J )( 2 ‘“||P feV || s , a ) 

(£[jo—30,k 0 - 5] k2€[k 0 —5,k 0 +5] 

<|| X ||r« A (2 fa l|P b »>lk 2 ), 

k 2 e[ko— 5,fco+5] 


which is acceptable. 

For the third term in (17.151) . we can replace p by P[k 0 -5,k 0 -5]Q[jo-5,j 0 +5] L P- Therefore 

2 l «25l»||P ls Q M (S< M _rt^)IU>, < llxlU a E E ^‘WPhQnVW^ 

k 2 G [fco—5, ko +5] j 2 € [jo - 5, jo +5] 


which is acceptable. 

Case 1.3. S'“ s part of S 1 . Here we prove 


E 

k o 


2 2k ° sup ||PfcoQ<io(x^)ll|^. 
j 0 <k 0 k °’ J0 


< WxWy^hl^ Mis* • 


(7.16) 
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Fix k 0 and jo < k 0 . As before, we split 

2‘ 0 IIAoQ<i.(w)l| S ™ o < £ 2‘»||P k „Q < , c (S OT )|| s j.. i) 

£f>ko-\-5 

+ V 2 t "||P t0 Q <M (S <XV )l| S ™„ 

ee b'o-30, fco-5] 

+ 2 fc ° ll-PfcoQ^o (^io-soX^) ||sj£* o 

Using the embedding P ko Q < j 0 (X 1 ’ 2 ) C S^ e ko , the first two terms can be treated by pro¬ 
ceeding as in Case 1.2. On the other hand, for the third term, we use Lemma 17.11 to estimate 

sup2‘“||P to Q <jo (5 <jo _20 X v)lls“5 li < IMUf, £ 2 ‘iP^lla,,, 

' ?0 fc 2 e[fco-5,feo+5] 

which is square summable in k o, proving (17.161) . 

Step 2. Contribution of J2 ko Pk 0 Q>k 0 + 25 (XT )• When the output is away from the cone, 

the X_ norm dominates the whole S 1 norm. To see this, let k 0 G Z. As P ko (Xf 2 ) C S ko , we 
have 

||9 t , x Pfe 0 Q>feo+25(w)l|s fco ^ 2 ^ 0 ll P feo<3jo(w)IU? i:c 

io>feo+25 

< £ 2i<‘"-*>||P fa Q*( W )|| i 

jo>fco+25 

^ll-Pfco ( 5>fco+2o(^7 : ’)ll£- 

Thus by L 2 almost orthogonality, 

\\^2PkoQ>k 0 +2s(v ( P)\\h ~ \\ P koQ>k 0 +2o(v<p)\\ 2 x- (7-17) 

fco fco 

To conclude the proof of (17.7ft . it remains to estimate the right-hand side of (17.17ft . This 
is the content of Lemma [7.51 below. □ 

Lemma 7.5. The following estimate holds. 

(£l|P to Q> to+ 20(w)Hi) 1 <|M|jslMls>- (7.18) 

fco 

Proof. Since the spaces have different regularity in space and time, we will need to divide 
into cases depending on both the space and time frequency configurations. We begin with 
the standard Littlewood-Paley trichotomy in the spatial Fourier variable: 

Pk 0 Q>k 0 +2o(X l fi) PkoQ>ko+2o(X<ko+loT[ko— 5,fco+5]) T Pk 0 Q>ko+2o(X[ko—5,ko+5] ( p<ko— 5 ) 

+ £ £ Pk 0 Q>k 0+ 20 (Xki Tkf)- 

fcl>fco+10 k 2 &[kx— 5,fci+5] 

In each case we will further divide into cases, which will essentially correspond to doing 
another round of Littlewood-Paley trichotomy in the temporal Fourier variable. 
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Case 1. (LH) interaction. Here we treat the contribution of 


PkoQ jo\X<ko+W^P[ko—b,ko+S\) 

We divide further into two sub-cases, depending on the temporal frequency of x<fc 0 +io- 

Case 1.1 y has high temporal frequency, j\ > jo — 20. Recalling that X is a Lj x 
based norm, by orthogonality it suffices to estimate 


^ \\Pk o Qjo(P>jo-20X<ko+10 [ Pk 2 )\\x_ 


k 2 €[ko~ 5, fco+5] 


fc 0J0 


(jo>fco+20) 


(7.19) 


We estimate each summand as follows: 


\\PkoQjo(T>jo-20X<ko+10 ( Pk 2 )\\x 

< E E 2 2 * 2 - 4 ‘“||r jl xt, 

fci</co+10 ji >jo~20 

fci<fco+10 ji>io-20 


We now sum up k 2 G [k 0 — 5, k 0 + 5] and take the i 2 ko - Q {jo > k 0 + 20) summation. Then 
(I7.19P is estimated by 


^ IMI* 


Y Y 2 2 *-- 70- - 71 )21( fel - fe °) (2 2ji 11 T^Xk-i 11yo- 2 ) 

fci<fc 0 +10 ji>jo~ 20 


Cl 0 ,j 0 ( jo>ko+20) 


which in turn is bounded by ^ IMIsi||x||ya.2 thanks to (I7.6|h 

Case 1.2 y has low temporal frequency, j\ < jo — 20. It suffices to bound 


k 2 G[ko— 5,fco+5] 


11 Pk 0 Qjo (P<jo -20 X<ko+10fk2 ) | \x 


i L.inOo>k 0 +20) 




(7.20) 


By the restrictions on the Fourier supports of inputs and outputs, we can freely replace tp k2 
by J2j 2 G[j 0 -cj 0 +c] Qj 2 <fk 2 - Th us throwing away P ko Q jo , estimating T< jo _ 20 X<k 0 +10 in L™ x and 
Qj 2 ^k 2 in L 2 X , we can estimate the summand in (I7.20p by 


\\Pk 0 Qj 0 (P<jo-2oX<k 0 +io l Pk2)\\x < Y He 

j 2 e\jo-c,j 0 +C] 

Summing it up, we obtain (I7.20p < ||y|| L oo ||<p||^x as desired. 

Case 2. (HL) interaction. Here we treat the contribution of 


PkoQjo (X[fco—5,fco+5]^<feo— 5 ) 


As in the previous case, we divide into two sub-cases. 

Case 2.1 y has high temporal frequency, j\ > j 0 — 20. As in the previous case, we 
need to consider 


E E 2 l ^ 1 ) ‘ 0 lin„o J „(r > , < ,_ 2 „ Xfc . w ,)ii i 

fclG[fco—5,fco+5] k 2 <ko~5 




(7.21) 
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Disposing Pk 0 Qj 0 and using Holder, we estimate each summand as 

\\Pk 0 Qjo(T>j 0 - 2 oXk 1 Vk 2 )\\x_ < E 2 2jo 2-2 k °\\T jl Xk 1 \\LlJ\Vk 2 \\L™. 

jl> jo-20 

< y 2 2 0"-*>2‘»-‘ 0 (2 2 *||T jl »,l|y..»)(2 fe ||»> t2 || s% ) 

jl>jo—20 


Thanks to the high-low gain 2 fc2 fc °, this can be summed up in ^ OJO (io > k 0 + 20 ) using (17.61) . 
We conclude (I7.2ip < ||x||y 2,2 ||</?||si, as desired. 

Case 2.2 x has low temporal frequency, j\ < jo — 20. We consider 


E E ll-Pfco < 5io( 71 <io-2oXfcWfc 2 )l|x (7.22) 

feie[fc0 ^ 0+5]fc2 ^-5 3 OJ - 0 0-0>ko+20) 

In this case, we can replace tpk 2 by Xq 2 eb'o-C.jo+C] Qj 2 ( Pk 2 > thanks to the restrictions on the 
Fourier supports. Then as before, we estimate 

\\PkoQjo(T<jo-20Xk 1 ( fk 2 )\\x < E 2 2jo 2 _ 2 fco ||T< :) - 0 _2oXfc 1 ||L°°L2||(5j 2 ^fe 2 ||LfLg° 

^eb'o-Cio+c] 

< £ 2 8 |fe —‘»)( 2 a '||x il IUr«)liy^fek 

i2e[jo-c , ,io+c'] 

Thanks again to the high-low gain 2^ k2 ~ k °' ) this is again summable, and we obtain (I7.22p < 


P-l^hI llvdlx- 


Case 3. (HH) interaction. Here we treat the contribution of 

Pk 0 Qj 0 (XfcWfc 2 ) 

where \k\ — k- 2 \ <5, k\ > k 0 + 10. 


Case 3.1 x has high spatial frequency, k\ > jo — 20. We hrst consider 


E E 11-PfcoQjO iXki^Pk 2 ) II X 

ki>jo-20 fc 2 e[fci—5,fci+5] 


el oJo (jo>ko+20) 


(7.23) 


Throwing away Q J0 , applying Bernstein in space and using Holder, we estimate each sum¬ 
mand by 

\\PkoQjo(Xki‘Pk 2 )\\x <2 2jo 2z k ° \\XkiVk 2 WtfLl 

< 2 20o-fcl) 2 §(fco-*l) (2 2*i || Xfci | ):K0>2 ) (2*2 ) 

Using (17.6p and the square summability of 2 k2 \\[pk 2 \\s k2 , the last expression can be summed 
up in the d 1 sense over {(fc 0 , jo, hi, k 2 ) : jo > ko + 20, k\ > jo — 20, \k± — k 2 \ < 5} and be 
estimated by < ||x||ya ,2 |M| 5 i. 


Case 3.2 x has high temporal frequency, k\ < jo —20, j\ > jo —20. Next, we estimate 

(7.24) 


E E \\Pk 0 Qj 0 (T>j 0 —20Xki ( Pk 2 ) l|x 

kiG[ko—5,jo—20] k 2 G[ki— 5,fci+5] 
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£ Wt°> fc ° +2 °) 


















Throwing away Qj 0 , applying Bernstein in space and using Holder, we have 

WPkoQio {T> j0 -2,Xk^k 2 ) II x 

jl>JO-20 

< V 2 2 0«-*>2i(‘»-‘'>(2 2 *||r, lXtl ||y.. a )(2‘>||^ 2 || Sl2 ) 

jl>JO-20 

Using the triangle inequality to pull out k\, k 2 summations out of £‘i 0 _j 0 (j 0 > k 0 + 20) and 
performing the latter summation, we estimate (17.24)1 by 

<E E ( E 2 4 *iiT flXtI n?.o. a )h2 fa ib fa iu ll ), 

fcl A:2G[fci—5,fci+5] ji>ki —20 


which is estimated by < ||x||y 2 , 2 ||</?||si using (j7.6)l and the square summability of 2 k2 \\tp k2 \\s k2 - 

Case 3.3 x * s close to frequency origin, k\ < jo — 20, j\ < jo — 20. In this case, we 
estimate 


fclG[fco—5Jo—20] fc2G[fci—5,fci+5] 


Y WPkoQjoiT^jo-ZOXk^^Wx 


e k 0 ,j 0 ti° >k 0+20) 


(7.25) 


As before, the restrictions on Fourier supports allow us to replace ipk 2 by the expression 
Xq 2 e[jo-C jo+c\ Qj 2 i Pk 2 - Throwing away Qj 0 , applying Bernstein and using Hdlder (and fur¬ 
thermore the fact that T< JO _ 2 o is bounded in LyLff) 1 the summand in (17.25)1 is estimated 
by 

llfto<?»(r<jo- 20 »,Vfa)t < E 2ll‘»- fc >)(2 2, “||xfalli r i l )IIQi^llx- 

he\jo-C,jo+C] 

The last expression can be summed up using (17.611 and ^ - 2 summability of \\Qj 2 Tk 2 ||x, 
leading to (17.25P < IIxIIl^A 2 IMIx as desired. □ 


7.3. Cutoff estimates. In this subsection, we prove Lemmas 16. Ill and 16. 141 


1.2 


We begin with a brief discussion on B'f , which basically plays the role of the space of 

• ^ 2 

smooth cutoffs. Recall that Bf' is an atomic space, whose atoms satisfy 7] = S[c-i/+i]7] and 
2 ^|| ? ?||l 2 E 1 for some £ E Z. Note that the following £} summability estimate holds: 


E 21 


t2 
^t.x 


^2^11^11^. + 


< 




5 o 


(7.26) 


Note furthermore that 

Bf 2 C h\ x n eC° t Hl C 5) (7.27) 

which follows easily from Bernstein’s inequality. 

We first establish Lemma 16.111 By the definition of restriction spaces, it suffices to prove 
the following global statement. 


Lemma 7.6. The following estimate holds for X = E 1 , S 1 , y or y. 


||’7<T’II-Y(R 1 + 4 ) 


Bj' \ R!+ 4 ) 
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IMU'(R 4 + 4 )- 


(7.28) 






















Proof. Before we begin, note that the following cutoff estimates hold: 


IMIrM ^IML^IMIv 1 . 2 , (7.29) 

B i 

\\rjip\\ £ l Y 2,2 <11^11 5 >2 ||^||£ly2.2. (7.30) 

B 1 

Indeed, both estimates can be proved in a similar manner as (17.21) : we omit the details. With 
(I7.29P and (I7.30P in our hand, we proceed to the proof of (I7.28p . 

Case 1: X = Y 1 . Recall that Y l = Y 1,2 n Y 1,0 °. The desired estimate for the Y 1,2 norm 
of r/p follows from (17.29P : thus it remains to bound ||r 7 ^||yi.oo. By the Leibniz rule, Holder, 
Hf. C L 4 Sobolev and (17.261) . we have 


\\dt,x{w)\\Y°.°° %\\vdt,x<p\\Lf>iz + \\dt,xW\\L^Ll 

^(\\dt,xV\\L™L* + \\v\\l™. )(\\dt,xP\\L™Ll + IMU? 0 -^) 



which completes the proof in this case. 


Cases 2 3: X = S 1 or y. These cases are immediate consequences of (17.21) . (17.71) and 

the embedding (17.271) . 


Case 4: A" = y. Recall that y = t x Y 2 ' 2 D a. l Y 2 '°°. For the £ 1 T' 2 ' 2 norm of r/p, we use 
(I7.30p . In order to bound the £ 1 y 2 ’°° norm of gp, we first use the Leibniz rule to compute 

d t {w) = dt‘W + vdtV, d 2 (gp) = d 2 gp + 2 d t gd t p + gd 2 p. 

• N~\~— 2 

By the embedding B l 2 ’" C and the definition of the space £ 1 1'' 2 ’°°, we have 

d^rj, d\ N ^p E £ 1 C?Hf~ N for N = 0,1, 2. Thus the desired estimate is easily obtained using 
the standard Littlewood-Paley trichotomy; we leave the details to the reader. □ 


Finally, we give a proof of Lemma [6.141 Extending g and p to the whole space in such a 

way that r] E Bf’ 2 (R x R 4 ) and p E 3^(R x R 4 ), it suffices to consider the case I — R. Thus 
Lemma [6. 141 would follow once we establish the following statement. 

Lemma 7.7. Let g E R 1 2 ’"(M 1+4 ) and p E ^(M 1+4 ). Let \ := (— A)~ l {riAp){t) be given as 
convolution with the Newton potential. Then we have 


11*11 


y 


< 



(7.31) 


Proof. From the embedding (17.271) . it easily follows that r)Ap E £ 4 C t 0 L 2 (M x R 4 ) with 

11 gAp < ll' , /||£iLf 3 if 2 ll^7 , l|pl,y 3 H2 < \\v\\ 

Therefore, the estimate for ||x||p L oo ^2 in the y norm in (17.3 ip follows. It remains to establish 
the estimate for the E 2,2 norm in (17.31 P ; for this we will show that 

11*11 v 2 ’ 2 % \\v\\ (7.32) 

B i 

The left-hand side is equivalent to \\d 2 t (rjAp)\\ . 3. We apply the Leibniz rule to write 

LfH x 

dlAv^p) = d 2 xt gAp + d x<t r}d Xtt Ap + gd 2 xt Ap 
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We can estimate 


ll A ^IL„ v i + ll^tA^II -i 


L^Hx 


l?k , + \^\\ L , Ki < 


Y 2,2 


and, by the trace theorem, 


\\dx,M\ L ? L i + II^R/II l^h 1 + IMI.L°c^i_ff2 ^ 


5 2 


Hence it remains to establish the fixed time multiplicative estimates 

H~* x H 1 -> H~*, H-ixi l Hl^H~^ 
These in turn are easily obtained using the standard Littlewood-Paley trichotomy. 


□ 


References 

1. Hajer Bahouri and Patrick Gerard, High frequency approximation of solutions to critical nonlinear wave 
equations, Amer. J. Math. 121 (1999), no. 1, 131-175. MR 1705001 (2000i:35123) 

2. M. E. Bogovskii, Solution of the first boundary value problem for an equation of continuity of an incom¬ 
pressible medium , Dokl. Akad. Nauk SSSR 248 (1979), no. 5, 1037-1040. MR 553920 (82b:35135) 

3. _, Solutions of some problems of vector analysis, associated with the operators div and grad, Theory 

of cubature formulas and the application of functional analysis to problems of mathematical physics, 
Trudy Sem. S. L. Soboleva, No. 1, vol. 1980, Akad. Nauk SSSR Sibirsk. Otdel., Inst. Mat., Novosibirsk, 
1980, pp. 5-40, 149. MR 631691 (82m:26014) 

4. Piotr T. Chrusciel and Erwann Delay, On mapping properties of the general relativistic constraints 
operator in weighted function spaces, with applications, Mem. Soc. Math. Fr. (N.S.) (2003), no. 94, 
vi+103. MR 2031583 (2005f:83008) 

5. Justin Corvino, Scalar curvature deformation and a gluing construction for the Einstein constraint equa¬ 
tions, Communications in Mathematical Physics (2000). 

6. Justin Corvino and Richard M. Sclioen, On the Asymptotics for the Vacuum Einstein Constraint Equa¬ 
tions, Journal of Differential Geometry (2006). 

7. Scipio Cuccagna On the local existence for the Maxwell-Klein-Gordon system in R 3+1 Comm. PDE 24 
(1999), no. 5-6, 851-867 

8. Erwann Delay, Smooth compactly supported solutions of some underdetermined elliptic PDE, with gluing 
applications, Comm. Partial Differential Equations 37 (2012), no. 10, 1689-1716. MR 2971203 

9. Douglas M. Eardley and Vincent Moncrief, The global existence of Yang-Mills-Higgs fields in 4- 
dimensional Minkowski space. I. Local existence and smoothness properties, Comm. Math. Phys. 83 
(1982), no. 2, 171-191. MR 649158 (83e:35106a) 

10. _, The global existence of Yang-Mills-Higgs fields in 4- dimensional Minkowski space. II. Completion 

of proof, Comm. Math. Phys. 83 (1982), no. 2, 193-212. MR 649159 (83e:35106b) 

11. Philip Isett and Sung-Jin Oh, Holder Continuous Euler flows with Compact Support and the Conservation 
of Angular Momentum, arXiv.org (2014). 

12. Markus Keel, Tristan Roy and Terence Tao, Global well-posedness of the Maxwell-Klein-Gordon equation 
below the energy norm Discrete Contin. Dyn. Syst. 30 (2011), no. 3, 573-621. 

13. Carlos E. Kenig and Frank Merle, Global well-posedness, scattering and blow-up for the energy-critical, 
focusing, non-linear Schrodinger equation in the radial case, Invent. Math. 166 (2006), no. 3, 645-675. 
MR 2257393 (2007g:35232) 

14. _, Global well-posedness, scattering and blow-up for the energy-critical focusing non-linear wave 

equation, Acta Math. 201 (2008), no. 2, 147 -212. MR 2461508 (2011a:35344) 

15. Sergiu Klainerman and Matei Macliedon, On the Maxwell-Klein-Gordon equation with finite energy, 
Duke Mathematical Journal (1994). 

16. Sergiu Klainerman and Daniel Tataru, On the optimal local regidarity for Yang-Mills equations in R 4+1 , 
Journal of the American Mathematical Society (1999). 

17. Joachim Krieger and Wilhelm Schlag, Concentration compactness for critical wave maps, EMS Publish¬ 
ing House, 2009. 


57 



18. Joachim Krieger, Jacob Sterbenz, and Daniel Tataru, Global well-posedness for the Maxwell-Klein Gor¬ 
don equation in 4+1 dimensions. Small energy, arXiv.org (2012). 

19. Matei Machedon and Jacob Sterbenz, Almost optimal local well-posedness for the (3 + 1)-dimensional 
Maxwell-Klein-Gordon equations , Journal of the American Mathematical Society (2004). 

20. Vincent Moncrief, Global existence of Maxwell-Klein-Gordon fields in (2 + 1)-dimensional spacetime, J. 
Math. Phys. 21 (1980), no. 8, 2291 2296. MR 579231 (82c:81089) 

21. Sung-Jin Oh and Daniel Tataru, Energy dispersed solutions for the (4+ 1)-dimensional Maxwell-Klein- 
Gordon equation , preprint (2015). 

22. _, Global well-posedness and scattering of the (4+1) -dimensional Maxwell-Klein-Gordon equation , 

preprint (2015). 

23. Igor Rodnianski and Terence Tao, Global regularity for the Maxwell-Klein-Gordon equation with small 
critical Sobolev norm in high dimensions , Comm. Math. Phys. 251 (2004), no. 2, 377-426. MR 2100060 
(2005i:35256) 

24. Irving Segal, The Cauchy Problem for the Yang-Mills Equations, Journal of functional analysis 33 (1979), 
no. 2, 175-194. 

25. Sigmund Selberg, Almost optimal local well-posedness of the Maxwell-Klein-Gordon equations in 1 + 4 
dimensions, Comm. Partial Differential Equations 27 (2002), no. 5-6, 1183-1227. MR 1916561 
(2003f:35247) 

26. Sigmund Selberg and Achenef Tesfahun, Finite-energy global well-posedness of the Maxwell-Klein-Gordon 
system in Lorenz gauge, Communications in Partial Differential Equations (2010). 

27. Jacob Sterbenz, Global regularity and scattering for general non-linear wave equations II. (4+1) dimen¬ 
sional Yang-Mills equations in the Lorentz gauge Arner. J. of Math. 129 (2007), no. 3, 611-664 

28. Jacob Sterbenz and Daniel Tataru, Energy dispersed large data wave maps in 2+1 dimensions, Connn. 
Math. Phys. 298 (2010), no. 1, 139-230. MR 2657817 (2011g:58045) 

29. _, Regularity of wave-maps in dimension 2 + 1, Connn. Math. Phys. 298 (2010), no. 1, 231-264. 

MR 2657818 (2011h:58026) 

30. Terence Tao, Global Regularity of Wave Maps II. Small Energy in Two Dimensions, Communications 
in Mathematical Physics (2001). 

31. _, Nonlinear dispersive equations, CBMS Regional Conference Series in Mathematics, vol. 106, 

Published for the Conference Board of the Mathematical Sciences, Washington, DC, 2006, Local and 
global analysis. MR 2233925 (2008i:35211) 

32. _, Global regularity of wave maps III. Large energy from R 1+2 to hyperbolic spaces, arXiv.org 

(2008). 

33. _, Global regularity of wave maps IV. Absence of stationary or self-similar solutions in the energy 

class, arXiv.org (2008). 

34. _, Global regularity of wave maps V. Large data local wellposedness and perturbation theory in the 

energy class, arXiv.org (2008). 

35. _, Global regularity of wave maps VI. Abstract theory of minimal-energy blowup solutions, arXiv.org 

(2009). 

36. _, Global regularity of wave maps VII. Control of delocalised or dispersed solutions, arXiv.org 

(2009). 

37. Daniel Tataru, On global existence and scattering for the wave maps equation, Arner. J. Math. 123 
(2001), no. 1, 37-77. MR 1827277 (2002c:58045) 

38. _, Rough solutions for the wave maps equation, Arner. J. Math. 127 (2005), no. 2, 293-377. 

MR 2130618 (2006a:58034) 

39. Michael E. Taylor, Partial differential equations I. Basic theory, second ed., Applied Mathematical 
Sciences, vol. 115, Springer, New York, 2011. MR 2744150 (2011m:35001) 

40. Karen K. Uhlenbeck, Connections with L p bounds on curvature, Communications in Mathematical 
Physics 83 (1982), no. 1, 31-42. 


58 



Department of Mathematics, UC Berkeley, Berkeley, CA, 94720 
E-mail address: sjoh@math.berkeley.edu 


Department of Mathematics, UC Berkeley, Berkeley, CA, 94720 
E-mail address: tataru@math.berkeley.edu 


59 



